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In recent years a discussion could be followed where the pros and cons of the applicability of the Cosserat continuum
model to granular materials were debated [Bardet, J.P., Vardoulakis, I., 2001. The asymmetry of stress in granular media.
Int. J. Solids Struct. 38, 353–367; Kruyt, N.P., 2003. Static and kinematics of discrete Cosserat-type granular materials.
Int. J. Solids Struct. 40, 511–534; Bagi, K., 2003. Discussion on ‘‘The asymmetry of stress in granular media’’. Int. J. Solids
Struct. 40, 1329–1331; Bardet, J.P., Vardoulakis, I. 2003a. Reply to discussion by Dr. Katalin Bagi. Int. J. Solids Struct. 40,
1035; Kuhn, M., 2003. Discussion on ‘‘The asymmetry of stress in granular media’’. Int. J. Solids Struct. 40, 1805–1807;
Bardet, J.P., Vardoulakis, I., 2003b. Reply to Dr. Kuhn’s discussion. Int. J. Solids Struct. 40, 1809; Ehlers, W., Ramm,
E., Diebels, S., D’Addetta, G.A., 2003. From particle ensembles to Cosserat continua: homogenization of contact forces
towards stresses and couple stresses. Int. J. Solids Struct. 40, 6681–6702; Chang, C.S., Kuhn, M.R., 2005. On virtual work
and stress in granular media. Int. J. Solids Struct. 42, 3773–3793]. The authors follow closely this debate and try, with this
paper, to provide a platform where the various viewpoints could ﬁnd their position. We consider an ensemble of rigid,
arbitrarily shaped grains as a set with structure. We establish a basic mathematical framework which allows to express
the balance laws and the action–reaction laws for the discrete system in a ‘‘global’’ form, through the concepts of ‘‘part’’,
‘‘granular surface’’, ‘‘separately additive function’’ and ‘‘ﬂux’’. The independent variable in the balance laws is then the
arbitrary part of the assembly rather than the single grain. A parallel framework is constructed for Cosserat continua,
by applying the axiomatics established by [Noll, W., 1959. The foundation of classical mechanics in the light of recent
advances in continuum mechanics. In: The axiomatic method, with special reference to Geometry and Physics, North-Hol-
land Publishing Co., Amsterdam pp. 266–281, Gurtin, M.E., Williams, W.O., 1967. An axiomatic foundation of contin-
uum thermodynamics. Arch. Rat. Mech. Anal. 26, 83–117, Gurtin, M.E., Martins, L.C., 1976. Cauchy’s theorem in
classical physics. Arch. Rat. Mech. Anal. 60, 305–324]. The comparison between the two realisations suggests the micro-
scopic interpretation for some features of Cosserat Mechanics, among which the asymmetry of the Cauchy-stress tensor
and the couple-stress.
 2006 Elsevier Ltd. All rights reserved.
Keywords: Granular materials; Cosserat continua; Measure Theory0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.03.023
* Corresponding author. Tel.: +30 210 772 13 73; fax: +30 210 772 13 02.
E-mail address: froiio@ing.uniroma2.it (F. Froiio).
F. Froiio et al. / International Journal of Solids and Structures 43 (2006) 7684–7720 76851. Introduction
In referring to a large-enough set of grains as a ‘‘body made of granular material’’ one implicitly reveals the
aim at modelling its mechanical behaviour following the approach of Continuum Mechanics. A wide library
of models for granular materials has been developed in this framework, in or out of the context of simple
materials in the sense of Noll (1958); they enable us to treat a large number of physically interesting and engi-
neering-relevant scenarios. Among the most discussed phenomenological features of granular media there are
some, as shear-band formation and surface instabilities in granular piles or slopes, whose physics can doubt-
fully be postulated at the macroscale, (i.e. the scale at which the representative grain diameter is a small quan-
tity with respect to other meaningful lengths) making questionable the applicability of Boltzmann-continuum
models.1 A proper observation scale at which these phenomena seem to be intelligible is that of a few repre-
sentative grain-diameters, roughly about 10–20, that can be referred to as the mesoscale to distinguish it from
the microscale, at which the attention is in describing the dynamic and contact behaviour of any single grain.
Following the microscale approach, grains are thought of as interacting atoms. Each grain is supposed to
obey the laws of Classical Mechanics for the motion of rigid bodies, though some minor non-rigid deforma-
tion can be admitted at its boundary if one refers to a ‘‘soft-grain’’ model. This is the point of view of Discrete
Mechanics, as the art of modelling large granular systems by ‘‘assembling’’ the behaviour of any single inter-
acting grain; numerical tools are to be used, which are usually classiﬁed under the name of Discrete Element
Methods (DEMs). More than two decades since discrete element simulations were ﬁrst performed (Cundall
and Strack, 1979, 1982; Moreau, 1988) many discrete element methods have been developed. Their predictions
can be extremely representative—or not, critically depending on the choice of the implemented contact-model
and of the relevant parameters—and apply, nowadays, to assemblies of grains whose population does not
exceed some thousands of units; this limit is being continuously shifted forward but it is still questionable
whether Discrete Elements Methods will ever be able to simulate realistically the behaviour of assemblies
as rich as those involved in many relevant civil engineering or industrial applications. It is consolidated, on
the other hand, their use as investigation tools in Micromechanics, i.e. as an observational basis ﬁnalised
to the development of continuum models.
There is a growing agreement that, in the shear-band formation processes, grains organise themselves in
non-permanent mesoscale structures (Oda, 1997; A˚strøm et al., 2000; Alonso-Marroquı´n and Vardoulakis,
2005) which would act in reducing the resistance of the material far below the ‘‘expected’’ values; rolling–slid-
ing mechanisms at contact between grains would play the main role in the alternate development and failure of
such structures. This supports the interest in studying grain-rotation features in the deformation processes of
granular media (Bardet and Proubet, 1991; Tillemans and Herrmann, 1995; Oda and Kazama, 1998; Oda
et al., 1998; Kuhn, 1999; Oda and Iwashita, 2000; Zervos et al., 2000; Kuhn and Bagi, 2004) and contributes
in motivating the use of Cosserat continua for the macroscale approach. Cosserat continua can be regarded as
a generalisation of Boltzmann continua, obtained by allowing independent rotational degrees of freedom for
each material point. This model was brought to the attention of the scientiﬁc community by Euge´ne and
Franc¸ois Cosserat at the beginning of the last century (Cosserat and Cosserat, 1909) and some ﬁfty years later
was applied to granular materials (Mindlin, 1963; Satake, 1963); notably, that the vast majority of the theo-
retical works concerning Cosserat continua were addressing boundary-layer phenomena, without any explicit
correlation with mesoscale structure formation. A revived interest was brought by authors who applied this
model to the description of shear bands in semi-analytical (Mu¨hlhaus and Vardoulakis, 1987) and numerical
studies (Papanastasiou and Vardoulakis, 1992; Ehlers and Volk, 1998).
Although micromechanically based constitutive laws are being developed for granular materials (e.g., Borja
and Wren, 1995; Tordesillas and Walsh, 2002; Gardiner and Tordesillas, 2004), the discussion is still open on
how macroscale state variables such as stress and strain measures can be related to microscale quantities (Bagi,
1996, 2003; Bardet and Vardoulakis, 2001, 2003a,b; Ehlers et al., 2003; Fortin et al., 2003; Kruyt, 2003; Kuhn,
2003; Chang and Kuhn, 2005). In particular, as one looks at Cosserat continua as the proper macroscale1 We denote as Boltzmann continua those continuum models in which only translational degrees of freedom are associated to each
material point.
7686 F. Froiio et al. / International Journal of Solids and Structures 43 (2006) 7684–7720theoretical platform for granular materials, one has to deal with ‘‘unfamiliar’’ features as the loss of the sym-
metry property for the Cauchy-stress tensor, and the concept of couple-stress. Such features, as they add rel-
evant elements of complexity, demand robust micromechanical interpretations and validations; nevertheless,
markedly diﬀerent points of view are being expressed in this sense, due to an apparently wide range of arbi-
trariness in the choice of the microscale counterparts for macroscale quantities. Here we aim at restricting such
range of arbitrariness by investigating, in an axiomatical framework, the analogies between the Cosserat-con-
tinuum and the microscale approaches: by this modus operandi, we bring information on the issues cited above,
and settle a possible framework in which to develop averaging procedures for bridging the two scales (cf.
Goldenberg and Goldhirsch, 2004).
In the following Section 2, we introduce the notation and recall some essential tools that will be used in the
paper. Next, in Section 3, we characterise a granular assembly as a set with structure; a simple mathematical
framework is introduced which allows to switch from the ‘‘grain-by-grain’’ to the ‘‘part-by-part’’ description
of the mechanical system; the balance laws are postulated for each grain and then turned into a ‘‘global’’ for-
mat. Such framework is paralleled in Section 4 for the continuum picture. In the last section, the discrete and
the continuum approaches are ﬁnally compared, allowing for microstructural interpretations of the main mac-
roscale quantities.2. Notation and terminology
We denote by R the set of all real numbers and we let Rþ :¼ fa 2 Rja > 0g. Points in the physical space will
be described as elements of an Euclidean point-space E whose associated vector space will be denoted by V.
For r and s typical elements ofV, we use r Æ s, r · s, and jrj, respectively, for the standard scalar product, vector
product, and norm for V. We use U :¼ fr 2 Vj jrj ¼ 1g for the set of all unit vectors; the triplet fei 2 Ugi¼1;2;3
will denote a right-hand-oriented orthogonal basis for V. The symbol Lin will represent the set of all second-
order tensors, also called simply ‘‘tensors’’, i.e. the set of all linear maps of V into itself. We will refer to cus-
tomary subsets of Lin such as the set Sym of the symmetric tensors, the set Skw of the skew-symmetric ten-
sors, and Orth of the orthogonal tensor; Symþ and Orthþ will denote, respectively, the intersection of Sym
and Orth with the subset of the positive-deﬁnite tensors Linþ :¼ fa 2 Linj detðaÞ > 0g. Customarily, in refer-
ring to the action of a tensor a on a vector r, we write, for short, ar in place of a(r). Functions with values in V
and Lin will be occasionally referred to as, respectively, vector-valued or tensor-valued functions.
Given r; s 2 V we deﬁne r s 2 Lin by requiring r  s(u) :¼ (s Æ u)r for every u 2 V. The linear map
E3 : Lin! V such that E3(r  s) :¼ r · s for every r; s 2 V is a third-order tensor, usually referred to as the
Ricci permutation tensor; for a 2 Lin we write E3a as a shorthand for E3(a).2
We denote by V the Lebesgue volume measure in E and by A the Lebesgue surface measure on manifolds in
E. For the few elements of Measure Theory that will be used, the reader is referred to Rudin (1974).
The mechanical quantities introduced starting from Section 3.2 are tacitly considered as time dependent,
and smooth with respect to time; they are thought of as time-families of functions, even tough the time param-
eter does not explicitly appear in the notation. Consistently, the statements that are axiomatically introduced
or proved for these quantities, are supposed to hold at each time t 2 R. Derivatives with respect to time will be
denoted by a superimposed dot.3. Granular assemblies
We consider the case of an assembly of rigid, arbitrarily shaped grains. Our goal is to establish a general
framework that suits to diﬀerent contact models. Accordingly, we regard the contact between grains as a prim-
itive notion. The only condition we require on the contacts is that they be permanent: this does not necessarily
mean that two grains in contact ‘‘touch’’ each other always on the same portions of the respective surfaces, as2 Let r be the vector associated to the skew-symmetric part of R 2 Lin; i.e. 12 ðR RTÞu ¼ r u for every u 2 V, with RT the transpose of
R. One can prove the following property of the Ricci permutation tensor: E3R
T = 2r for every R 2 Lin; this means that, by applying 12E3,
one extracts the vector associated to the skew-symmetric part of the relevant tensor.
Fig. 1. The whole set of grains C is represented on the left; its parts U, K and  , and grains / and k are put in evidence on the right.
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two grains are in contact.3
3.1. Basic deﬁnitions
We denote by C the ﬁnite set of grains which we regard as a ‘‘body made of granular material’’; as
sketched in Fig. 1, the symbols / and k will denote arbitrary elements of C. A function on the set of the
ordered pairs of distinct grains of C is called herein network. Networks will be used to describe mutual actions
exchanged between the grains in C; e.g., if y is a vector-valued network, y(/,k) may represent a certain phys-
ical action exerted on the grain / by the grain k. We say that a vector-valued network y is skew-symmetric
whenever, for every pair of distinct grains / and k,3 No
4 Th
comple
(ii) U \
5 Inyðk;/Þ þ yð/; kÞ ¼ 0.
We denote by PC the algebra of the parts of C, i.e. the collection of all subsets of C, endowed with the standard
set-theoretic operations.4 The symbols U, K and  will be reserved for arbitrary parts of C, i.e. arbitrary ele-
ments of PC. We say that a function X : PC ! R (V, Lin) is a separately additive function if it is additive on
every pair of separate parts of C, i.e. ifXðU [ KÞ ¼ XðUÞ þ XðKÞ
for every pair of parts U and K such that U \ K = ;.5 Given a vector-valued function Y on the set of the or-
dered pairs of separate parts of C, we say that Y is an interaction whenever, for every U, both Y(U, Æ) and Y(Æ,U)
are the restrictions of separately additive functions.
A simple way to deﬁne a separately additive function is by assigning its value on each one-grain part of C,
i.e. by dictating X({/}) = x(/) for every /, with x a function on C; notice that this is the same as requiring8U : XðUÞ ¼
X
/2U
xð/Þ; ð1Þthis also establishes a 1-to-1 correspondence between separately additive functions and functions on C (with
values in R, V or Lin). If (1) holds, we say that X is the separately additive function dual to x. Analogously, onetice, anyway, that impact phenomena are not taken into account in this theory (see the discussion in Section 5.6).
e use of the term ‘‘algebra’’ is justiﬁed by the fact that the set PC endowed with the standard operations of union, intersection and
ment in C can be referred to as a Boolean algebra, addressing the fact that for every pair of parts U and K of C holds: (i) {CU 2 PC;
K 2 PC; (iii) U [ K 2 PC.
this section the term ‘‘separate’’ is used as a synonym for ‘‘disjoint’’. This is not the case for Section 4.
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on the pair (/,k). This, in turns, is the same as requiringFig. 2.8U;K s:t: U \ K ¼ ; : YðU;KÞ ¼
X
ð/;kÞ2UK
yð/; kÞ; ð2Þand establishes a bijection between the set of the interactions and that of the vector-valued networks. If (2) is
veriﬁed, we say that Y is the interaction dual to y.
We deﬁne the solid skeleton as the set SC  C · C consisting of the pairs of distinct grains that are in con-
tact; we refer to the elements of SC as oriented contacts. The notion of ‘‘contact’’, although not speciﬁed,
should at least comply with the requirement that if (/,k) 2 SC, then (k,/) 2 SC, by which we simply express
that, if / is in contact with k, so is k in contact with /.
Such a tool is as rich as it takes to deﬁne a discrete analogous for the concept of surface; more pertinently,
for any pair of separate U and K, the granular surface separating U from K is the set of oriented contactsðUK :¼ ðU KÞ \ SC. ð3Þ
As shown in Fig. 2, a granular surface has an intrinsic orientation, since it makes sense to deﬁne the opposite of
ðUK as the set ðUK :¼ (K · U) \ SC which coincides with ðKU. The exterior of U, in symbols UC, is a syno-
nym for the complement {CU of U in C; consistently, the granular boundary of U denotes the set ðU :¼ ðUUC .
Notice that, by these deﬁnitions, the granular boundary of both the empty set and the whole set C coincides
with the empty set. We say that an interaction Y is a contact interaction if Y(U,K) = 0 for every separate U and
K such that ðUK = ;.
The symbols R and bR will be reserved for arbitrary granular surfaces; we say that R and bR are compatible if
they are disjoint and their union is still a granular surface. In practice, to prove that two disjoint R and bR are
compatible, it suﬃces to check that the set of oriented contacts R [ bR is still the granular surface separating
two parts of C; in particular, this is true if and only if R \ ðbRÞ ¼ ;. Given a vector-valued function Z deﬁned
on the set of the granular surfaces, we say that Z is a ﬂux if it is additive on compatible granular surfaces, i.e.
such thatZðR [ bRÞ ¼ ZðRÞ þ ZðbRÞ
for every choice of two compatible R and bR.
3.2. Grain-by-grain description
Grains are modelled herein as rigid bodies, so that the kinematics of the whole system, at the microscale, is
fully described by assigning at each time the position of the centre of mass, and the orientation, of each grain;On the left: the parts U (dark grey) and K (light gray) of C. On the right: the granular surface ðUK with emphasis on the orientation.
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tively, as functions xR : C! E and O : C! Orthþ. At the relevant time, the value xR(/) is the position of the
centre of mass of the grain / and the rotation O(/) gives the orientation of a triplet of orthonormal vectors in
motion with /, with respect to the basis {ei}i=1,2,3; the Euclidean space is meant herein to be an inertial ref-
erence. The time-derivative v of the system of representative points will be referred to as the system of linear
velocities, and we call system of angular velocities the functionW : C! Skw obtained from the time derivative
of the system of orientations by requiring thatFig. 3.
grain’’8/ : Wð/Þ ¼ Oð/Þð _Oð/ÞÞT. ð4Þ
We will also use, in place of W, the (uniquely deﬁned) function w : C! V such that, for every /,8r 2 V : Wð/Þr ¼ wð/Þ  r; ð5Þ
and use the same denomination for w and W.
Consistently with the above kinematics, we introduce the system of linear inertiae and the system of angular
inertiae, respectively, as prescribed functions m : C! Rþ and h : C! Symþ; m(/) is the mass of the grain /,
while h(/) is the inertia tensor for the grain / with respect to its centre of mass xR(/). The conservation of
mass is expressed by requiring that, for every /,_mð/Þ ¼ 0; _hð/Þ ¼Wð/Þhð/Þ þ hð/ÞWTð/Þ.
Consistently with the above deﬁnitions, we deﬁne the system of linear momenta l and the system of angular
momenta a by setting l(/) :¼ m(/)v(/) and a(/) :¼ h(/)w(/), for every /. The value a(/) represents the angu-
lar momentum of the grain / with respect to its centre of mass xR(/). After some algebra, and using in par-
ticular the two forms of the conservation of mass, one obtains that, for every /,_lð/Þ ¼ mð/Þ _vð/Þ; _að/Þ ¼Wð/Þhð/Þwð/Þ þ hð/Þ _wð/Þ.
The actions on the grains of C that cannot be ascribed to other grains of the assembly are classiﬁed as ‘‘exter-
nal’’, and quantiﬁed by introducing a system of external forces b and a system of external couples c as given
vector-valued functions on C. Whatever the external actions on a grain / look like at the microscale, since
the grain is being modelled as a rigid body, such actions can always be represented by assigning a triplet
{b(/),c(/),xR(/)} where b(/) is a force, c(/) is a couple, and the representative point xR(/), i.e. the center
of mass of /, is the point at which the equivalent force b(/) is supposed to act. The example in Fig. 3 shows
that the physical meanings given to b(/) and c(/) are not limited to that of the resultant force and moment of
some ‘‘microscale body-loads’’ acting on the grain /; they will also account, for example, for those surface
actions on a ‘‘peripheral’’ grain / that are due to anything but the grains in the assembly.The systems of external actions for a set of grains subjected to gravity and in contact with a boundary: the actions on a ‘‘peripheral
/ and on an ‘‘inner grain’’ k.
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sketched in Fig. 4a, all the information regarding the action on a grain / by a grain k can be represented
by a triplet {f(/,k), t(/,k),xR(/)} whose ﬁrst two elements are, respectively, the resultant force and the resul-
tant couple exerted on / by k, the force being supposed to act on a line through the representative point xR(/).
Analogously, the actions on k by / can be represented by assigning a triplet {f(k,/),t(k,/),xR(k)}. The action–
reaction laws can be written asfð/; kÞ þ fðk;/Þ ¼ 0; ð6Þ
tð/; kÞ þ ½xRð/Þ  x0  fð/; kÞ þ tðk;/Þ þ ½xRðkÞ  x0  fðk;/Þ ¼ 0; ð7Þwhere x0 2 E is an arbitrary pole. One obtains an alternative but equivalent representation of the actions ex-
changed between two grains if the respective triplets are referred to the same representative contact point x^c; we
use the adjective ‘‘representative’’ because x^c is not necessarily a contact point in the geometrical sense, nor the
existence of a geometrical contact between the two grains is somehow required; it is only introduced as a com-
mon pole to resolve the mutual actions between the two grains: the action on / by k can be represented by the
triplet ffð/; kÞ;mð/; kÞ; x^cg while we use the triplet ffðk;/Þ;mðk;/Þ; x^cg for the action on k by /. A represen-
tative contact point, intuitively, has to be chosen ad hoc for each pair of grains; this will be stressed by denot-
ing the relevant contact point as xc(/,k) instead of x^c; then necessarily xc(k,/) = xc(/,k). Notice that,
according to these deﬁnitions,tð/; kÞ ¼ ½xcð/; kÞ  xRð/Þ  fð/; kÞ þmð/; kÞ; ð8Þ
and the analogous expression holds for t(k,/), m(k,/) and f(k,/). Moreover, in terms of m(/,k) and m(k,/),
the action–reaction laws are more transparent:mðk;/Þ þmð/; kÞ ¼ 0; ð9Þ
this is one of the reasons why we will prefer such description. We generalise these concepts and deﬁnitions to
all the pairs of distinct grains in C introducing the network of representative contact points xc, the network of
internal forces f and the network of internal couples m. The action–reaction laws can be introduced, after these
deﬁnitions, in the form of the following assumption:
Axiom 1. The network of internal forces and the network of internal couples for C are skew-symmetric.
We restrict, moreover, to the case in which the internal actions are only eﬀective on the solid skeleton:Fig. 4. The systems of internal actions, and the choices of the contact point xc(/,k).
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the sense that, for every distinct / and k such that ð/; kÞ 62SC:
(i) f(/,k) = 0;
(ii) m(/,k) = 0.
The deﬁnition of the network of representative contact points is a delicate and central issue in this theory.
In particular, the underlying problem is to establish the rule by which one associates the point xc(/,k) to the
pair of distinct grains / and k; no such prescription has been given so far in this work, and such deﬁnition
appears to be essentially a modelling choice. Limiting our attention to the case in which f and m are speciﬁed
as contact networks, we are only concerned by how the deﬁnitory rule applies to pairs of grains in contact
(although it makes sense for each pair of distinct grains in C). In the simpliﬁed scenario of assemblies consist-
ing of grains with strictly convex geometries, one is tempted to identify the representative contact point with
the ‘‘geometrical’’ contact point between / and k (see Fig. 4b); but this is not a mandatory choice, though it is
well intuitive. The case of grains whose geometries are not strictly convex can be dealt with by geometrical
constructions; an example is illustrated in Fig. 4c, in which the representative contact point is chosen as
the geometrical centre of the intersection between the convex envelopes of the two grains. Another attractive
possibility consists of determining m(/,k) and m(k,/) according to a symmetric versus skew-symmetric treat-
ment of the terms t(/,k) and t(k,/); this choice, sketched in Fig. 4d, turns out to be the one of identifying the
representative contact point with the midpoint of the segment between the mass centers of the two grains; it
might be attractive in view of the fact that it applies to any imaginable scenario, e.g., to non-convex grain
geometries and distance interactions. Probably the most sensible decomposition is the one based on the minimi-
sation of the modulus of the internal couples m(/,k) and m(k,/), which is discussed in Appendix A; we antic-
ipate that also for this choice, the extension to the case of distance actions between grains is immediate.
Remark 1. The dependence of the internal couples on the selection of the representative contact points is not
carried explicitly in the notation used here; i.e. we write simply m(/,k) instead, for example, of mxcð/; kÞ.
Apart from the need for a more coincise notation, we mention a more fundamental reason for this choice. The
criterion by which representative contact points are selected can be thought of as the ‘‘instrument’’ that one
chooses to extract the measurements of the internal couples: the latter are since regarded as primitive
quantities. This is consistent with the fact that no physical law will appear that relates the representative
contact points to other quantities in the model. This point of view was anticipated, and will be recalled, by
addressing the criterion for the representative contact points as a ‘‘modelling choice’’.
Remark 2. Notice that, though one assigns the representative contact point uniquely for each pair of distinct
grains, any point x on the line containing xc(/,k) and parallel to f(/,k) owns the same properties with respect
to the decomposition (8), i.e., for any such x,½xcð/; kÞ  xRð/Þ  fð/; kÞ ¼ ½x xRð/Þ  fð/; kÞ.This is not a contradiction, but simply stresses that the essential issue is not the choice of the representative
contact point, but the criterion by which one extracts the skew-symmetric terms m(/,k) and m(k,/) from
t(/,k) and t(k,/).
The quantities introduced so far, although designed to picture out precise mechanical entities, are regarded
as mathematical objects and they could be thought of as abstract entities. For them to be eligible to describe a
physical event they must be correlated to each other in the manner stated by the laws of motion for rigid
bodies. The ﬁrst such law is introduced herein in the following form:
Axiom 3. The linear-momentum balance law is satisﬁed in the sense that, for every /,_lð/Þ  bð/Þ 
X
k2Cnf/g
fð/; kÞ ¼ 0.
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of motion as pointed out here below:
Axiom 4. The angular-momentum balance law is satisﬁed in the sense that, for some x0 2 E, and for every /,
d
dt
½r0ð/Þ  lð/Þ þ _að/Þ  r0ð/Þ  bð/Þ  cð/Þ 
X
k2Cnf/g
½xcð/; kÞ  x0  fð/; kÞ 
X
k2Cnf/g
mð/; kÞ ¼ 0.
ð10ÞRemark 3. The alternative but equivalent characterisation of Axiom 4 in terms of the couples t(/,k) can be
obtained by substituting the last two terms on the l.h.s. of (10) by, respectively,
X
k2Cnf/g
r0ð/Þ  fð/; kÞ and 
X
k2Cnf/g
tð/; kÞ.3.3. Global description of some mechanical quantities
A diﬀerent point of view is possible in the choice of the relevant quantities describing the mechanical sys-
tem. We can, for example, describe the mass by introducing the linear inertia for the granular assembly as the
separately additive function M dual to the system of linear inertiae m (see Section 3.1). In exactly the analo-
gous way we can deﬁne the micro-polar angular inertia H for the granular assembly as the separately additive
function dual to the system of micro-polar angular inertiae h; this second quantity is less intuitive but yet
meaningful, as explained further on. In the same spirit we deﬁne:
(i) the linear momentum L as the separately additive function dual to the system of linear momenta l;
(ii) the micro-polar angular momentum A as the separately additive function dual to the system of angular
momenta a;
(iii) the external force B as the separately additive function dual to the system of external forces b;
(iv) the external couple C as the separately additive function dual to the system of external couples c;
(v) the internal force F as the interaction dual to the network of internal forces f;
(vi) the internal couple M as the interaction dual to the network of internal couples m.
Being asked to compute the linear momentum for a part U of the assembly, one would spontaneously add
one by one the values of the linear momentum of each grain in U. The same procedure is as much intuitive, as
far as the external load, or the external couple, is concerned. One could ﬁnd less obvious the physical meaning
of quantities such as the micro-polar angular momentum A and the micro-polar angular inertia H. We give an
illustrative example:
Remark 4. Consider a bicycle that we ﬁx to the wall by a nail through its center of mass—so that the bicycle is
free to rotate about its center of mass, in the vertical plane, if a couple is applied. Neglect the mass and weight
of the chassis and let us look at the bicycle as at a two-dimensional granular assembly consisting of a ‘‘front
grain’’ /f and a ‘‘rear grain’’ /r. As we impose rotations to the two wheels, we measure some non-null a(/f)
and a(/r). Since the two wheels are identical, as one imposes w(/f) = w(/r) one can measure a(/f) = a(/r);
this impliesAðf/fgÞ ¼ að/fÞ; Aðf/rgÞ ¼ að/rÞ; Aðf/f ;/rgÞ ¼ að/rÞ þ að/rÞ ¼ 0.
If one strikes the brakes so to cause the two wheels to stop suddenly and simultaneously, nothing happens to
the chassis. Let us imaginatively repeat the same experience with an ancient velocipede; for this ancestry of
nowadays bicycles, the absence of a torque multiplier (i.e. chain–ring–pinion system) required pedals to be
directly connected to a huge front wheel, a small rear wheel having the function to stabilise the whole. By
applying equal and opposite angular velocities to the two wheels one would measure in this caseAðf/f ;/rgÞ ¼ að/rÞ þ að/rÞ 6¼ 0;
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brakes?—the relative motion of the two wheels suddenly stops but the whole system is activated in a rigid rota-
tion about the center of mass.
By the above example, it should be clear that the micro-polar angular momentum A(U) quantiﬁes the
amount of angular momentum of the system that is stored in the part U due to the rotation of its grains.
The same example suggests the interpretation for the micro-polar angular inertia H; H(U)n, n 2 U, is the var-
iation of the micro-polar angular momentum A(U) corresponding to a unit increment of the system of angular
velocities in the direction n—in the same manner as the thermal capacity of a sub-volume of water in a pot
quantiﬁes the amount of heat that is stored in such sub-volume due to a constant and unitary increment of
the temperature.
We have restricted our attention, since the introduction of Axiom 2, to the scenario in which only pairs of
grains in contact contribute to the values of the networks of internal forces and internal couples; as far as the
relevant interactions are concerned, as proved in Proposition 22 (Appendix B), this implies that
Proposition 1. The internal force and the internal couple for C are contact interactions.
Remark 5. We address the possibility, for the interested reader, to recognise those statements, among the fol-
lowing, that could be referred to a more general context including also distance actions between grains of the
assembly. A generalisation in this sense of the theory presented here, can indeed by obtained with little further
eﬀort.
Remarkably, since we are restricting ourselves to contact interactions, the latter can be treated equivalently
as ﬂuxes:
Proposition 2. There exist two fluxes eF and fM, that we call, respectively, the flux of the internal force and the
flux of the internal couple for C, such that, for every separated U and K:
(i) FðU; KÞ ¼ eFððUKÞ;
(ii) MðU; KÞ ¼ fMððUKÞ.Proof. Choose U arbitrarily and K;  2 PUC such that
K   and ðUK ¼ ðU ;thenFðU;  Þ ¼ FðU;K [ ð \ KCÞÞ ¼ FðU;KÞ þ FðU;  \ KCÞ;
where the last term is null by virtue of the deﬁnition of contact interaction, sinceðU\KC ¼ ;.
It is proved, by the arbitrariness left in the choice of U and of K;  2 PUC that for each U it exists a function eFU
that assigns to each granular surface R  ðU the value F(U;K) whenever R = ðUK. Fix now R and chose U
such that R 2 ðU and K;  2 PUC such thatK   and ðKU ¼ ðU ¼ R;
thenFð ;UÞ ¼ FðK;UÞ þ Fð \ KC;UÞ;
where the last term is null because F is a contact interaction andðð \ KCÞU ¼ ;;
this means that eF ðRÞ ¼ eFKðRÞ and the arbitrariness let in the choice of U, K and  is as much as it takes
proving the existence of a function eF deﬁned only on the set of the granular surfaces for C such that however
we chose two separate parts U and K of C
6 Cf.
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Moreover eF is a ﬂux, i.e. it is additive with respect to the union of compatible granular surfaces; to prove this,
consider that however we chose R and bR such that R  bR it is always possible to ﬁnd U, K and  mutually
separate such thatR ¼ ðKU; bR ¼ ðU; and R [ bR ¼ ððK [  ÞU.
The additivity for eF on compatible granular surfaces is then the counterpart of the fact that F is a separately
additive function on PC. This proves (i), and by the same procedure we can prove (ii). h
Notice that, for /5 k, {(/,k)} is the granular surface separating {/} from {k}; then holdseFðfð/; kÞgÞ ¼ Fðf/g; fkgÞ :¼ fð/; kÞ
as well as the analogous expression for fMðfð/; kÞgÞ. Using these implications of Proposition 2 and the addi-
tivity property of ﬂuxes, one obtains the following representation formulas:
Corollary 1. For every granular surface R:
(i) eFðRÞ ¼Pð/;kÞ2Rfð/; kÞ;
(ii) fMðRÞ ¼Pð/;kÞ2Rmð/; kÞ.
Let us now deﬁne the resultant of the internal force and the resultant of the internal couple as the functions,
respectively, bF and cM on PC such that bFðUÞ ¼ FðU;UCÞ and cMðUÞ ¼MðU;UCÞ, for every U; from Proposi-
tion 2 one obtains immediately that
Corollary 2. For every U:
(i) bFðUÞ ¼ eFððUÞ;
(ii) cMðUÞ ¼ fMððUÞ.3.4. Global implications of the action–reaction laws
We investigate the implications of Axiom 1 on the quantities introduced in the previous section. A ﬁrst
remark is that one may merely parallel Axiom 1 in a part-by-part format:
Proposition 3. The internal force and the internal couple for C are skew-symmetric interactions, in the sense that,
for every separate U and K:
(i) F(U,K) + F(K,U) = 0;
(ii) M(U,K) + M(K,U) = 0.Proof. By applying twice the deﬁnition of the internal force, we obtainFðU; KÞ þ FðK;UÞ ¼
X
/2U
X
k2K
ðfð/; kÞ þ fðk;/ÞÞfor every pair of separate parts U and K. This proves (i), and analogously we proceed for (ii). h
A possible—although in some respects non-trivial—way to introduce the action–reaction laws in Contin-
uum Mechanics is by requiring the resultants of the internal actions to be additive with respect to the union
of separate parts of the system.6 Thus it is not surprising that Proposition 3, used along with Proposition 23
(Appendix C), yields thatNoll (1959).
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additive functions.
As we restricted to contact networks, and therefore to contact interactions, an equivalent treatment of the
internal actions can be given in terms of ﬂuxes; in particular, it follows from Propositions 2 and 3 that
Proposition 5. The flux of internal force and the flux of internal couple for C are balanced, in the sense that, for
every granular surface R:
(i) eFðRÞ þ eFðRÞ ¼ 0;
(ii) fMðRÞ þfMðRÞ ¼ 0.3.5. Global implications of the balance laws
As done in the previous section for the action–reaction laws, we now look for part-by-part counterparts of
the balance laws (Axioms 3 and 4) and their implications. We begin by considering the linear-momentum bal-
ance law; this is indeed the ﬁrst ingredient in proving that
Proposition 6. For every U,_LðUÞ  BðUÞ  eFððUÞ ¼ 0. ð11Þ
Proof. By summing over / 2 U the terms in Axiom 3 we obtainX
/2U
_lð/Þ 
X
/2U
bð/Þ 
X
/2U
X
k2Cnf/g
fð/; kÞ ¼ 0.We can put the last equation in the formd
dt
X
/2U
lð/Þ 
X
/2U
bð/Þ 
X
/2U
X
k2Unf/g
fð/; kÞ 
X
/2U
X
k2UC
fð/; kÞ ¼ 0.The third term on the l.h.s. vanishes because f is a skew-symmetric network (Proposition 24 in Appendix D),
while the last term can be written as Pð/;kÞ2ðUfð/; kÞ, since f is a contact network. Finally, the statement is
proved by applying the deﬁnitions ofL and B along with Corollary 1(i), and invoking the arbitrariness ofU. h
As to the angular-momentum balance law (Axiom 4), an analogous result can be obtained. Preliminarily,
we deﬁne the separately additive functions Lðx0Þ and Bðx0Þ such that, for every U,Lðx0ÞðUÞ ¼
X
/2U
r0ð/Þ  lð/Þ and Bðx0ÞðUÞ ¼
X
/2U
r0ð/Þ  bð/Þ;these are the ﬁrst-order moments, with respect to the pole x0, of the linear momentum and of the external
force, respectively; we will also take advantage from the introduction of the ﬂux eFðx0Þ as the ﬁrst-order moment
of the eF: i.e., for every R,eFðx0ÞðRÞ ¼ X
ð/;kÞ2R
½xcð/; kÞ  x0  fð/; kÞ.Notice that, f being skew-symmetric, eFðx0Þ is balanced in the sense of Proposition 5. With these deﬁnitions, one
can prove the following implication of the angular-momentum balance law:
Proposition 7. For some x0 2 E, and for every U,
_Lðx0ÞðUÞ þ _AðUÞ  Bðx0ÞðUÞ  CðUÞ  eFðx0ÞððUÞ fMððUÞ ¼ 0. ð12ÞProof. We proceed as for the proof of Proposition 6, but we start from Axiom 4. By summing over / 2 U,
with U arbitrary, we obtain
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/2U
d
dt
½r0ð/Þ  lð/Þ þ
X
/2U
_að/Þ 
X
/2U
½r0ð/Þ  bð/Þ

X
/2U
cð/Þ 
X
/2U
X
k2Cnf/g
½xcð/; kÞ  x0  fð/; kÞ 
X
/2U
X
k2Cnf/g
mð/; kÞ ¼ 0. ð13ÞThe same argument as in the proof of Proposition 6 allows us to substitute the last two terms on the l.h.s. of
(13), respectively, with
X
ð/;kÞ2ðU
½xcð/; kÞ  x0  fð/; kÞ and 
X
ð/;kÞ2ðU
mð/; kÞ.Then the assertion is proved by applying the deﬁnitions of the quantities in (12), except for the term fMððUÞ
which, instead, comes from Corollary 1(ii). h
Remark 6. By specifying (12) on a part consisting of only one grain (e.g., {/}) one merely has (10): no infor-
mation has been lost in obtaining Proposition 7, with respect to Axiom 4. The same can be said for Propo-
sitions 3, 1 and 6, compared to Axioms 1–3, respectively. That is to say: the part-by-part description of the
mechanical system is in all alternative to the grain-by-grain description, as the two are equivalent.
Remarkably, Proposition 7 is not the only information on Lðx0Þ and Bðx0Þ that one can deduce from the bal-
ance laws. In particular, computing the ﬁrst-order moments with respect to the pole x0 of the quantities in
Axiom 3, and summing over / 2 U, one obtainsX
/2U
r0ð/Þ  _lð/Þ 
X
/2U
r0ð/Þ  bð/Þ 
X
/2U
r0ð/Þ 
X
k2Cnf/g
fð/; kÞ ¼ 0. ð14ÞBy using the fact that _rð/Þ ¼ vð/Þ and l(/) :¼ m(/)v(/) imply
_Lðx0ÞðUÞ ¼
X
/2U
_r0ð/Þ  lð/Þ þ
X
/2U
r0ð/Þ  _lð/Þ ¼
X
/2U
r0ð/Þ  _lð/Þ;(14) can be turned into_Lðx0ÞðUÞ  Bðx0ÞðUÞ  bFðx0ÞðUÞ ¼ 0; ð15Þ
withbFðx0ÞðUÞ :¼X
/2U
X
k2Cnf/g
r0ð/Þ  fð/; kÞ. ð16ÞNotice that (16) deﬁnes a separately additive function. The remark that there are repeated quantities in (12)
and (15) suggests to subtract, term by term, the second from the ﬁrst; this gives, for every U,_AðUÞ  CðUÞ QðU; x0Þ fMððUÞ ¼ 0; ð17Þ
in whichQðU; x0Þ :¼ eFðx0ÞððUÞ  bFðx0ÞðUÞ ð18Þ
is formally reminiscent of the dependence on the pole x0. Such dependence is artiﬁcial; in particular, consider
Q as a function on PC  E deﬁned according to (18); we call Q the internal moment for C; then
Proposition 8. The internal moment for C is pole-independent, in the sense that8U 2 PC; 8x0; y0 2 E : QðU; x0Þ ¼ QðU; y0Þ.Proof. Whatever the choice of x0, y0 and U, one obtainsQcðU; x0Þ QðU; y0Þ ¼ ðy0  x0Þ  ½bFðUÞ  eFððUÞ;
that proves the assertion, in view of in Corollary 2(i). h
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the result anticipated by (17):
Proposition 9. For every U,_AðUÞ  CðUÞ QðUÞ fMððUÞ ¼ 0. ð19Þ
One can obtain further information on the internal moment, and investigate its properties as a mechanical
quantity; a ﬁrst important result is that
Proposition 10. The internal moment for C is a separately additive function.
Proof. We have to show thatQðUÞ þQðKÞ ¼ QðU [ KÞ
for every pair of separate U and K; applying the deﬁnition of the internal moment one obtainsQðUÞ þQðKÞ ¼ eFðx0ÞððUÞ þ eFðx0ÞððKÞ  ½bFðx0ÞðUÞ þ bFðx0ÞðKÞ.
Since bFðx0Þ is a separately additive function, we only need to prove thateFðx0ÞðððU [ KÞÞ ¼ eFðx0ÞððUÞ þ eFðx0ÞððKÞ ð20Þ
for every pair of separate U and K. Using for short  = (U [ K)C, we decomposeððU [ KÞ ¼ ðU [ ðK ; ðU ¼ ðU [ ðUK; ðK ¼ ðK [ ðKU
and exploit the additivity property of eFðx0Þ as a ﬂux, obtainingeFðx0ÞððUKÞ þ eFðx0ÞððKUÞ þ eFðx0ÞðððU [ KÞÞ ¼ eFðx0ÞððUÞ þ eFðx0ÞððKÞ.
Since the ﬂux eFðx0Þ is balanced, the ﬁrst two terms on the l.h.s. of the previous equation sum up to zero; this
proves (20), and concludes the proof. h
Finally, a second relevant information on the internal moment comes from the following representation
formula:
Proposition 11. For every U,QðUÞ ¼
X
/2U
X
k2Cnf/g
½xcð/; kÞ  xRð/Þ  fð/; kÞ. ð21ÞProof. Applying the deﬁnition of the internal moment to a part {/} givesQðf/gÞ :¼ eFððf/gÞ  bFðf/gÞ ¼ X
k2Cnf/g
½xcð/; kÞ  xRð/Þ  fð/; kÞ;then the assertion is proved in view of the fact that, according to Proposition 10, one has
QðUÞ ¼P/2UQðf/gÞ for every U. h
In Eq. (19), we like to interpret the term Q(U) as an ‘‘extra contribution’’ to the external load C(U) by the
couples generated by the internal forces that the grains in U exchange with each other (see Fig. 5). This moti-
vates the denomination ‘‘internal moment’’ for Q. Strictly related to this interpretation, is the expectation that
the internal moment be strongly aﬀected by the microstructural properties of the material (e.g., shape and size
distributions for the grain population).
Remark 7. As we are dealing with contact networks, the second summation in (21) collects only the
contributions from the grains in Un{/} and those of the grains ‘‘adherent’’ to U: i.e. a grain which is not in
contact with a grain in U does not contribute to Q(U).
Fig. 5. On the left: the part U of C. On the right: a naif representation of the internal moment Q(U) according to the representation
formula (21): as the sum of the moments of the forces f(/,k) due to the eccentricity of the representative contact points with respect to the
centres of mass of the grains.
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Cosserat continua can be looked at as a generalisation of standard (Boltzmann) continua and in this sense
we take advantage from the axiomatics established for the latter in the papers of Noll (1959, 1973), Gurtin and
Martins (1976) and Gurtin and Williams (1967). We follow the habit practiced so far of considering the inter-
esting mechanical quantities as smooth as it takes with respect to the time parameter; in particular, the def-
initions used in this section for the material time-derivatives of the relevant (intensive and extensive)
quantities are given in Appendix E. Finally, not to abuse of terminology, we will use in this section terms
such as ‘‘interaction’’ and ‘‘separately additive function’’ with parallel but diﬀerent meanings than those in
Section 3.
4.1. Parts, separately additive functions, interactions
In the framework of Continuum Mechanics, a convenient picture of a body is that of a standard region of
the Euclidean space in the sense of Gurtin and Williams (1967): i.e., essentially, the closure of a bounded open
set with a piecewise C1 boundary. We denote by G the standard region occupied by the body, and use G

and
oG to indicate, respectively, the interior and the boundary of G.7 IfF  G, we deﬁne the exterior ofF in G as
the set7 De
entity.FG ¼ G nF.
For any F;L  E the symbol F ^L is used to denote the closure of the interior of F \L. Parallel to
Section 3, preliminarily to the deﬁnition of the concept of ‘‘interaction’’ it is to be speciﬁed what we mean
by ‘‘part’’ of a continuum; we introduce axiomatically the algebra of the parts of G as the set PG such that:
(i) each F 2 PG is a standard region;
(ii) if F 2 PG, then FG 2 PG;
(iii) if F;L 2 PG, then F [L 2 PG;
(iv) if F;L 2 PG, then F ^L 2 PG;
(v) PG has suﬃciently many elements in a sense that will be discussed in Remark 8.pending on the context, the symbol G will be used with reference to the purely geometrical object, or to the body as a mechanical
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elements of PG. We say that F and L are separate whenever F ^L ¼ ;; notice that F and L can be sep-
arate even though their boundaries are not disjoint. As it was said for PC with respect to the customary def-
initions of union, intersection and complement in C, the set PG endowed with the structure induced by the
operators (Æ) [ (Æ), (Æ) ^ (Æ) and ð	ÞG is a Boolean algebra. We say that a function Xc : PG ! R (or V, Lin) is
separately additive if it is additive on every pair of separate parts of G, i.e. if8 We
Euclid
togethXcðF [LÞ ¼ XcðFÞ þ XcðLÞ
for everyF andL such thatF ^L ¼ ;. Consider a vector valued function Yc deﬁned on the set of the pairs
ðF;LÞ of separate parts of G; we say that Yc is an interaction if and only if for every F both YcðF; 	Þ and
Ycð	;FÞ are the restrictions of separately additive functions.
Remark 8. Typically, many ‘‘extensive’’ mechanical quantities (e.g., mass and linear momentum) can be
represented in the continuum realisation through separately additive functions, in full analogy with the
discrete realisation; moreover, it is not too restrictive to require these quantities to be volume continuous: we
will represent them (at each time) as separately additive functions, e.g. Xc, on PG such that8F 2 PG : jXcðFÞj 6 aV ðFÞ
for some a 2 R. In a continuum description, the natural counterpart of (1) should be that8F 2 PG : XcðFÞ ¼
Z
F
xc dV ;with xc a integrable function deﬁned on G that plays the role of a volume density. By the Radon–Nikodym the-
orem, the above result would be immediate if Xc was a volume continuous measure, which is not the case since
neither is Xc r-additive, nor is PG a r-algebra. On the other hand it is shown in Gurtin and Williams (1967) that
the minimal set of parts required at point (v) in the deﬁnition of PG can be chosen in such a way that for each
function Xc as above there exists one and only one extension to a volume-continuous measure bXc on the Borel
r-algebra BG of G. More precisely, there exists one and only one measure bXc on BG such that8B 2 BG : jbXcðBÞj 6 aV ðBÞ
and8F 2 PG : XcðFÞ ¼ bXcðFÞ.
It is possible, in other words, to choose the algebra of the parts of G in such a way that each volume-contin-
uous and separately additive function on PG is the restriction of one and only one volume-continuous measure
on BG. These results establish a link between measure theory and the language of Continuum Mechanics, giv-
ing an insight on the unclear concept of ‘‘arbitrarily shaped part’’ of a continuum.
We denote by ðFL the intersection of the outward-oriented boundary of the partF with the partL. To be
consistent with the notation introduced in Section 3 we write, for short, ðF :¼ ðFFG . We say that a surface8
S is an internal surface if there exist F and L such that S ¼ ðFL. We denote by nS the vector ﬁeld on S
that delivers at each point the positively oriented unit normal, and by S the same manifold as S but ori-
ented according to nS. We say that two internal surfaces, e.g., S and cS, are compatible if their union is an
internal surface andAðS \cSÞ ¼ 0.
An interaction Yc, is a contact interaction if it is area-continuous in the sense that there exists b 2 R such thatjYcðF;LÞj 6 bAððFLÞ ð22Þuse the term surface to denote the union of a ﬁnite number of closed two-dimensional (oriented) manifolds of class C1 in the
ean space. It will appear from the context whether we will be referring to a surface just as a subset of the Euclidean space, or strictly
er with the notion of orientation.
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surfaces is a ﬂux if it is additive with respect to the union of compatible internal surfaces, i.e., if9 Th
to (4).
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courseZcðS [ bSÞ ¼ ZcðSÞ þ ZcðSÞ
however we chose S and Sˆ compatible.
4.2. Fundamental quantities
The information on the kinematics of a Boltzmann continuum is complete as soon as a translational velocity
ﬁeld vc : G! V is assigned; to enable three further independent rotational degrees of freedom at each material
point by introducing a micro-polar angular velocity ﬁeld wc : G! V (orWc : G! Skw in the tensorial form),
is the main underlying idea in the extension toward Cosserat continua. The description of the system of masses
must be consistent, i.e. it should allow for the representation of the momentum relative to both the translational
and the added rotational degrees of freedom. Consistently, we introduce the linear inertia and the micro-polar
angular inertia as volume-continuous, separately additive functions Mc : PG ! Rþ [ f0g and Hc : PG !
Symþ [ f0g respectively; we denote by qc and hc the relevant densities according to Remark 8.
As soon as the concept of motion is made precise, one is legitimated to formalise material time-derivatives
for intensive quantities (i.e. for separately additive functions) and extensive quantities (integrable functions
deﬁned on G). The proper deﬁnitions in the context of this work are given in Appendix E; material time-deriv-
atives will be denoted by a dot over the relevant quantity. The velocities vc and wc are meant to be material
time-derivatives of, respectively, a position ﬁeld and an orientation ﬁeld.9 With these deﬁnitions, the conser-
vation of mass can be introduced as the requirements that,8F : _McðFÞ ¼ 0; HcðFÞ ¼
Z
F
½Wchc  hcðWcÞTdV . ð23ÞWe introduce the linear momentum and the micro-polar angular momentum as the functions Lc;Ac : PG ! V
which take, on every F, the valuesLcðFÞ ¼
Z
F
qvc dV ; AcðFÞ ¼
Z
F
hcwc dV ;respectively. Under the regularity assumed for the motion and for the linear- and micro-polar angular momen-
tum (see Appendix E) one can prove that the time derivatives of these quantities are volume-continuous; in
particular they admit densities in the sense that8F : _LcðFÞ ¼
Z
F
q_vc dV ; _AcðFÞ ¼
Z
F
ðWchcwc þ hc _wcÞdV . ð24ÞWithout much conceptual eﬀort, the external actions on G are recovered by introducing an external force
Bc : PG ! V and the external couple Cc : PG ! V as two separately additive and volume-continuous func-
tions, whose volume densities we denote by bc and cc, respectively.
10 The external couple is assigned indepen-
dently from the external force; we mean that the value CcðFÞ cannot be computed, in any way, as a resultant
moment of the force BcðFÞ, i.e. they are physical quantities of equal rank. In this sense, we introduce ‘‘inde-
pendently’’ the internal force Fc and the internal couple Mc as interactions; the value FcðF;LÞ is the force ex-
erted on F by L (separate from F). We consider, from now on, only the case in whiche micro-polar angular velocity ﬁeld wc, or more pertinently the associated tensor ﬁeldWc, comes from a time diﬀerentiation parallel
If Oc : G! Orthþ is the proper rotation ﬁeld, one introduces WcðxÞ :¼ OcðxÞð _OcðxÞÞT for each x 2 G.
assuming the external actions to be volume-continuous, we are disregarding the case of surface external-actions: such further
t of complexity would distract from the only aim of this work, which is to parallel the discrete and the continuum descriptions for
ar materials. We point out anyway that the extension to such case is not diﬃcult and can be achieved starting from very general
ptions on the external loads: for instance, as far as the external force Bc is concerned, one could substitute the volume-continuity
esis with the assumption that, for every F, jBcðFÞj 6 aV ðFÞ þ bAðoG \FÞ for some a;b 2 R, and prove on this basis the
ce of a volume density bbc : G! V and a surface density bsc : oG! V such that BcðFÞ ¼
R
F b
b
c dV þ
R
oG\F b
s
c dA for every F. Of
, the same holds parallel for the external couple Cc.
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We now state the counterpart of Proposition 2 in the continuum setting11:
Proposition 12. There exist two fluxes eFc and fMc, that we call respectively the flux of the internal force and the
flux of the internal couple for G, such that, for every separate F and L:
(i) FcðF;LÞ ¼ eFcððFLÞ;
(ii) McðF;LÞ ¼ fMcððFLÞ.
Finally, we deﬁne the resultant of the internal force and the resultant of the internal couple as the functionsbFc and cMc, respectively, that assign to every F the values bFcðFÞ ¼ FcðF;FGÞ and cMcðFÞ ¼McðF;FGÞ.
Immediately, by applying Proposition 12 to such deﬁnitions, we obtain that
Corollary 3. For every F:
(i) bFcðFÞ ¼ eFcððFÞ;
(ii) cMcðFÞ ¼ fMcððFÞ.4.3. Action–reaction laws
In the continuum realisation, the action–reaction laws state the reciprocity for the actions exchanged
between parts of the body; in this sense, we require that
Axiom 6. The internal force and the internal couple for G are skew-symmetric interactions in the sense that,
for every separate F and L:
(i) FcðF;LÞ þ FcðL;FÞ ¼ 0;
(ii) McðF;LÞ þMcðL;FÞ ¼ 0.The deﬁnition of interaction given in this section parallels that of Section 3 for a granular assembly; since
both PG and PC are Boolean algebras, Proposition 23 (Appendix C) is easily adapted:
Proposition 13. The resultant of the internal force and the resultant of the internal couple for G are separately
additive functions.
Axiom 6, combined with Proposition 12, yields the following:
Proposition 14. The flux of the internal forces and the flux of the internal couple for G are balanced, in the sense
that, for every internal surface S:
(i) eFcðSÞ þ eFcðSÞ ¼ 0;
(ii) fMcðSÞ þfMcðSÞ ¼ 0.4.4. Linear-momentum balance law
From the point of view of the linear-momentum balance, Cosserat continua are undistinguishable from
Boltzmann continua, and the results of this section apply to both models. In the present context, such physical
requirement can be put in the following form:11 This statement parallels that of Theorems 1 and 2 in Gurtin and Williams (1967) and its proof obtains by adapting, with some care, the
arguments employed in Proposition 2. Again, one ﬁrst proves the existence of eFc by showing that if S is an internal surface, then
FcðF;LÞ is constant over the class of separate parts F and L which have S as a their common boundary (that is to say, ðFL ¼S);
next, one shows that eFc is additive on compatible internal surfaces. As in the proof of Proposition 2, both steps rely on the additivity of Fc.
In this case, however, area-continuity of Fc in the sense stated in (22) is an essential ingredient.
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As already discussed in Section 4.2, the material time-derivative of the linear momentum is a volume-con-
tinuous function (see Appendix E); so is the external force. Using this information along with Axiom 7 and
Corollary 3-(i), one obtains volume-continuity for the resultant of the internal force: there exists a 2 R such
that, for every F,bFcðFÞ 6 aV ðFÞ.
Therefore, after Proposition 13, and according to Remark 8, there exists an integrable function f^c : G! V
such that, for every F,bFcðFÞ ¼
Z
F
f^c dV .Remark 9. Since _Lc, Bc and bFc admit densities, Axiom 7 has the following local form:
for a.e. x 2 G : qðxÞ _vcðxÞ  bcðxÞ  f^cðxÞ ¼ 0.It is central, in classical Continuum Mechanics, the assumption usually referred to as ‘‘Cauchy’s hypothe-
sis’’: one postulates that the surface density of the contact force acting on the boundary of a volume element,
can be described as a continuous function fc of the position and of the unit normal of the relevant surface.
Implicit in this picture, it is the fact that such a function does not depend on higher-order descriptions of
the surface, in a neighbour of the selected point. One main characteristic of the axiomatics we refer to in this
work, is that such information does not need to be introduced as a postulate but can be recovered, though in a
weak form, essentially as one further implication of the linear-momentum balance law:
Proposition 15. There exists a function fc : GU! V such that
eFcðSÞ ¼
Z
S
fcð	; nSÞdAfor every internal surface S.
Proof. The result is gained in two steps: we ﬁrst prove that for each internal surface S there exists a function
fSc :S! V such thateFcðcSÞ ¼
Z
bS fSc dA ð26Þwhenever cS is an internal surface contained in S and oriented according to S. Next we show that one can
ﬁnd a function fc : GU! V such, that for every S,for a.e. x 2 G : fcðx; nSÞ ¼ fSc ðxÞ.
As to the ﬁrst step, let us ﬁx an internal surfaceS and choseF 2 PG such thatS  ðF. Since Fc is a contact
interaction, it can be shown12 that the function FcðF; 	Þ, whose natural domain is PFG , can be extended to one
and only one vector-valued measure FFc on the Borel r-algebra of F
G (say BFG ) such that8B 2 BFG : FFc ðBÞ 6 bAððF \BÞ
for some b 2 R. Let us denote by FSc the restriction of FFc to the (relative) Borel r-algebra of S (say BS);
necessarily, we have that8B 2 BS : FSc ðBÞ 6 bAðBÞ;Gurtin and Williams (1967): Footnote 1 and the theorem in the appendix.
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Z
B
fSc dA.Moreover, by the deﬁnition of the ﬂux of the internal force,FSc ðcSÞ ¼ eFcðcSÞ
whenever cS is an internal surface contained in S (in the sense of set inclusion) and oriented according to S,
i.e. nSðxÞ ¼ nbSðxÞ for almost every x 2S; using the arbitrariness ofS, we conclude the ﬁrst step of the proof.
We call x 2 S a point of density for fSc iflim
r!0
R
S\CðrÞ f
S
c dA
AðS \ CðrÞÞ ¼ f
S
c ðxÞ ð27Þwhere C(r) denotes a cylinder of diameter 2r, whose opposite bases lie on opposite sides of the surface (one
inside, the other outside the part), whose axis is oriented as nSðxÞ and contains x. Consider now x 2 G and
two internal surfaces S and cS such that x 2S \cS and nSðxÞ ¼ nbSðxÞ; if x is a point of density for both
fSc and f
bS
c , we can apply an argument due to Noll (1959) (Theorem 4) to conclude that f
S
c ðxÞ ¼ f
bS
c ðxÞ. This
allows us to deﬁne a function fc : GU! V such that:
(i) fcðx; nÞ ¼ fSc ðxÞ if one can ﬁnd an internal surface S such that x is a point of density for fSc and
nSðxÞ ¼ n;
(ii) fc(x;n) = 0 otherwise.
For every internal surfaceS, almost every x 2S is a point of density13 for fSc , as well as the value nSðxÞ is
deﬁned for almost every x 2S. We conclude the proof, by noting that (26) implies, for every S,eFðSÞ ¼ Z
S
fSc dA ¼
Z
S
fcð	; nSÞdA: Using Proposition 14, and the same argument as in Proposition 14, one can show that:
Proposition 16. For every internal surface S,fcðx; nSðxÞÞ ¼ fcðx;nSðxÞÞ
for almost every x 2S.
Cauchy (1823, 1827) established that, if fc is continuous with respect to the spatial variable, the Cauchy-
stress vector ﬁeld is ‘‘linear’’ with respect to the vectorial argument; that is, in the hypotheses of Cauchy’s the-
orem (that are not necessarily satisﬁed in the present framework), one can ﬁnd a (continuous) tensor ﬁeld
r : G! Lin such that8n 2 U : fcðx; nÞ ¼ rðxÞn ð28Þ
holds for every x 2 G. A similar result can be proved also if one drops the continuity assumption on fc; pre-
cisely, one has that
Proposition 17. There exists a function r : G! Lin, that we call the Cauchy-stress tensor field, that satisfies
(28) for almost every x 2 G.
This result was proved by Gurtin and Martins (1976) (see statement (i) in Theorem 6, p. 318). The proof of
Proposition 17 is essentially an extension of the classical proof of Cauchy’s theorem, but requires some tech-
nicalities that exceed the purpose of this paper; for the interested reader, such procedure is addressed in
Appendix F.Rudin (1974, Theorem 8.8, p. 158).
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F
f^c dV ¼
Z
ðF
fcð	; nðFÞdA.Comparing the above equation with the standard Gauss–Green identity for the Cauchy-stress tensor ﬁeld,
gives a relevant interpretation for the function f^c playing the role of the density of the resultant of the internal
force bFc: as soon as we restrict ourselves to the classical scenario in which the Cauchy-stress tensor ﬁeld is
diﬀerentiable in the spatial variable, we obtain that, for every x 2 G,f^cðxÞ ¼ divrðxÞ.4.5. Angular-momentum balance law
Fix x0 2 E and deﬁne for short r0 : G! V such that r0(x) = x  x0 for every x 2 G.14 We introduce the (sep-
arately additive) functions Lðx0Þc and B
ðx0Þ
c such thatLðx0Þc ðFÞ ¼
Z
F
r0  ðqvcÞdV ; Bðx0Þc ðFÞ ¼
Z
F
r0  bc dVfor every F and the ﬂux bFðx0Þc such that
eFðx0Þc ðSÞ ¼
Z
ðF
r0  fcð	; nSÞdAfor every internal surfaceS. According to the discussion in Appendix E, the material time-derivative of Lðx0Þc is
volume-continuous; more speciﬁcally,8F : _Lðx0Þc ðFÞ ¼
Z
F
r0  ðq _vcÞdV . ð29ÞNotice, moreover, that the ﬂux eFðx0Þc is balanced, in the sense of Proposition 14; this is immediate from Prop-
osition 16. After these deﬁnitions, as customary, we introduce the following physical assumption:
Axiom 8. The angular-momentum balance law must be satisﬁed in the sense that, for some x0 2 E, and for
every F,_Lðx0ÞðFÞ þ _AðFÞ  Bðx0Þc ðFÞ  CcðFÞ  eFðx0Þc ððFÞ fMcððFÞ ¼ 0. ð30Þ
As far as Boltzmann continua are concerned, the dependency on the pole x0 appearing in the angular-
momentum balance law can be shown to be mathematically ‘‘redundant’’—although physically intuitive—
and such law turns out to have a main implication in the symmetry of the Cauchy-stress tensor. Herein, we
are interested in recovering the corresponding results for Cosserat continua. According to Remark 9, one
has thatZ
F
r0  q _vc dV 
Z
F
r0  bc dV 
Z
F
r0  f^c dV ¼ 0 ð31Þfor every F, but in view of (29), we can write (31) as_Lðx0Þc ðFÞ  Bðx0Þc ðFÞ  bFðx0Þc ðFÞ ¼ 0 ð32Þ
in which bFðx0Þc is the ﬁrst-order moment for the resultant of the internal force, i.e. the separately additive func-
tion such that, for every F,bFðx0Þc ðFÞ ¼
Z
ðF
r0  f^c dV .tice that the use of the symbol r0, in this section, is analogous but diﬀerent to the one in Section 3.
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in which the choice of the pole x0 aﬀects onlyQcðF; x0Þ :¼ eFðx0Þc ððFÞ  bFðx0Þc ðFÞ. ð34Þ
As in Section 3, we use Qc : PG  E! V deﬁned according to (34), and call it the internal moment for G. Fol-
lowing exactly the same procedure as for the proof of Proposition 8, we obtain that
Proposition 18. The internal moment for G is pole-independent, in the sense that8F 2 PG; 8x0; y0 2 E : QcðF; x0Þ ¼ QcðF; y0Þ.
Since the choice of x0 is ineﬀective, we will writeQcðFÞ in place ofQcðF; x0Þ; moreover, it makes now sense
to write, in place of (33), that
Proposition 19. For every F,_AcðFÞ  CcðFÞ QcðFÞ fMcððFÞ ¼ 0.
Following the same procedure as in the proof of Proposition 10, one can show that
Proposition 20. The internal moment for G is a separately additive function.
We look now for a representation formula for the internal moment through the determination of an explicit
expression for its volume density, if any. The ﬁrst step in this direction is establishing the existence of such
density, which requires the volume-continuity of Qc (Remark 8). In Section 4.4, we obtained that the resultant
of the internal force is volume continuous as a consequence of the linear-momentum balance law, the main
information being that any other quantity appearing in (25) is volume-continuous. Notice that an analogous
reasoning cannot be brought, based on the angular-momentum balance law (Axiom 8), in order to extend the
volume-continuity property to the resultant of the internal couple or to the internal moment. To overcome this
diﬃculty, we restrict to the following scenario15:
Axiom 9. The internal moment for G is a volume-continuous function, in the sense that, for some a 2 R, and
for every F,jQcðFÞj < ajV ðFÞj.
Using the angular-momentum balance law along with Corollary 3-(ii) and Axiom 9, one obtains that the
internal couple is also volume continuous. In view of the properties established above for Qc and cMc, accord-
ing to Remark 8, we ﬁnally conclude that there exist qc; m^c : G! V such that, for every F,QcðFÞ ¼
Z
F
qc dV and cMcðFÞ ¼
Z
F
m^c dV .Remark 11. As in Remark 9, the angular-momentum balance law has a local version: for almost every x 2 G,
½WcðxÞhcðxÞwcðxÞ þ hcðxÞ _wcðxÞ  ccðxÞ  qcðxÞ  m^cðxÞ ¼ 0.We are now ready to tackle the issue we are mostly concerned with: a representation formula for the inter-
nal moment:
Proposition 21. For almost every x 2 G,
qcðxÞ ¼ eE3rTðxÞ. ð35ÞThe reader is referred to Appendix F for further details.hint on a micromechanical justiﬁcation of Axiom 9 is given in the concluding section (see Section 5.5).
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of a couple-stress vector ﬁeld mc : GU! V such thatfMðSÞ ¼ Z
S
mcð	; nSÞdAfor every internal surface S. As in Corollary 16, one proves that, for every internal surface S,mcðx; nSðxÞÞ ¼ mcðx;nSðxÞÞ
for almost every x 2 S; this is essentially the local format of the action–reaction law for the couple-stress. Fur-
thermore, the counterpart of Proposition 17 is the assertion of the existence of a couple-stress tensor ﬁeld, i.e.
of a function l : G! Lin such that8n 2 U : mcðx; nÞ ¼ lðxÞn
holds at almost every x 2 G. Of course, the considerations on f^c and fc that we made in Remark 10 apply as
well to m^c and mc.
5. Summary, discussion and conclusions
5.1. Structures and quantities in the two realisations
The primitive quantities for the two realisations, namely for the discrete and the continuum systems, were
represented in terms of separately additive functions on the relevant algebra of parts. The concept of ‘‘part of
the system’’ is indeed the railroad on which the analogy runs. Interactions, as they were introduced to represent
the actions exchanged between parts, are extensions of separately additive functions. As we restricted to con-
tact interactions, the same information could be expressed through the notion of ﬂux, which is based, in both
realisations, on the relevant deﬁnition of surface, and on a suitable additivity property.
5.2. From a local to a global approach to discrete mechanics
Consider a granular assembly C. The system of linear inertiae (in symbols: m, see Section 3) assigns a value
of mass to each grain in the assembly as well as the linear inertia (resp.M) assigns a value of mass to each part
of the assembly; the same semantic relation bounds the other separately additive functions deﬁned in Section 3
to the quantities on which they are built, that make sense at the grain level. The network of internal forces f and
the network of internal couples m were turned into interactions: i.e., respectively, into the internal force F and
the internal couple M. The two networks being contact networks, the respective interactions could be shown to
be contact interactions. This allowed us to handle them, subsequently, as ﬂuxes (resp. eF and fM). The action–
reaction laws in the grain-by-grain format (Axiom 1) lead to the expected consequence as far as interactions or
ﬂuxes are concerned (resp. Propositions 3 and 5). By ‘‘assembling’’ the balance laws for each grain of the
assembly, global-format statements were obtained. This is the path from Axioms 3 and 4 to Propositions 6
and 7, respectively.
As it was stressed in Remark 6, the grain-by-grain description of the discrete system (i.e. in terms of systems
and networks, see Section 3.1) is equivalent to the part-by-part description (in terms of separately additive
functions, interactions and ﬂuxes). We mean that no information was lost in obtaining the second—less
familiar—from the ﬁrst, and one could go the inverse path.
It might be sensible to investigate the possibility of applying such global approach to discrete mechanics, in
the development of DEM codes. We expect that a procedure based on an iterative reﬁnement of the quantities
appearing in the part-by-part format of the balance laws would result in faster computational algorithms.
5.3. A micromechanical interpretation of Cauchy-stress and couple-stress
Often in the literature concerning averaging procedures for granular materials, a micromechanical expres-
sion for the Cauchy-stress tensor is one of the central issues. So is also for the couple stress, as long as Cosserat
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stress tensors are essentially mathematical tools—though extremely useful ones—, the primitive physical
characters being the respective ﬂuxes.16
The ﬂux of the internal force eFc (for the continuum G) has the ﬂux eF (for the granular assembly C) as its
discrete counterpart. Notice that eF can be represented by assembling the forces exchanged between grains on
the relevant granular surface R:16 Gu
to the L
in the
17 In
the ap
‘‘soft-g
contac
the lat
should
shear-beFðRÞ ¼ X
ð/;kÞ2R
fð/; kÞ.As the term ‘‘expected’’ is not always identical with the term ‘‘trivial’’, this explains how the concept of
stress—via the concept of ﬂux—is related to the (micromechanical) forces exchanged by the grains in the
assembly.
In the analogous manner, the parallel drawn between the ﬂuxes of the internal couple, i.e. fMc for the con-
tinuum andfM for the granular assembly, addresses the micromechanical interpretation, and validation, of the
concept of couple-stress. Since for a granular assembly one can representfMðRÞ ¼ X
ð/;kÞ2R
mð/; kÞ;with R a granular surface, one must agree that the network of internal couplesm is the very ancestor for the con-
cept of couple stress. Then the issuemust be discussed as ofwhy the couplesm(/,k) were used instead of the terms
t(/,k) (cf. Ehlers et al., 2003), according to the deﬁnitions given in Section 3.2. One should notice that the latter
are not skew-symmetric terms in the sense that t(/,k) is not in general the same value ast(k,/); brieﬂy, by build-
ing the ﬂux of the internal couple on such terms, onewould have not been able to parallel the action–reaction laws
in the form of Axiom 6 or Proposition 14 (for the continuum) with Propositions 3 and 5 (for the granular assem-
bly), respectively. A second, equally fundamental reason involves the information coming from the balance laws
and we refer the reader to Froiio and Vardoulakis (2005) in which the issue is already discussed.
5.4. Internal couples and representative contact points
It might be seen as controversial, that the micromechanical counterpart of the couple-stress is in some
respects a matter of deﬁnition, as the network of internal couples depends on the choice of the representative
contact points through (8). It was commented in Remark 2, anyway, that the representative contact points are
essentially a transitory tool in the discrete description, the skew-symmetric terms m(/,k) still remaining the
central character.
As it is stressed in Fig. 4b, for assemblies of grains with strictly convex shapes, a geometrical contact point
is uniquely determined for each pair of grains. The choice to identify the representative contact point with such
geometrical contact point then comes as spontaneous.
In our opinion, the most ‘‘general’’ and ‘‘ﬂexible’’ criterion for the deﬁnition of the representative contact
points, amidst those addressed in Section 3.1, is that of the minimisation of the moduli of the internal couples
(see Appendix A). In the hypothesis of ‘‘hard grains’’, this can also be looked at as a generalisation of the
previously cited geometrical criterion for strictly convex grains. In the context of such generalisation, the exis-
tence of contact couples must be read as the consequence of non-strictly convex grain geometries.17rtin and Martins (1976) comment that ‘‘the density [fc] is a derived quantity, computed by taking the derivative [
dFc
dA ] of [Fc] with respect
ebesgue area measure A.’’ (N.A.: the terms in square brackets are freely adapted in order to ﬁt the notation and the deﬁnitions used
present work.)
referring to the hard-grain hypothesis, we are addressing the case in which, depending on how the core-material properties scale to
plied loads, one is legitimated to assume that two grains in contact do not adapt to each-other’s shape in the contact region (cf.
rain’’, Section 1). For instance, two hard, strictly convex grains do not develop ‘‘ﬂat contacts’’ and, reasonably, do not exchange
t couples (cf. Kruyt, 2003): measuring necessarily m(/,k) = 0 when such couple is referred to the (unique) geometrical contact point,
ter is automatically recognised by the minimisation criterion as a representative contact point xc(/,k). The hard-grain assumption
anyway be handled with care, as unexpectedly small values for the contact couples might play a relevant role in the development of
and structures (Oda and Iwashita, 2000).
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couples artiﬁcially. Notice, moreover, that such criterion is general enough to be used in the case of distance
actions between grains—though this purpose exceeds the extent of our work.
5.5. On the asymmetry of the Cauchy stress tensor
The information on the skew-symmetric part of the Cauchy-stress tensor is carried by the internal moment
Qc for the continuum G. More pertinently, this function was proved to be related to the Cauchy-stress tensor
through the representation formula18 In
under
in SectQcðFÞ ¼
Z
F
E3r
T dV ; ð36Þin whichF is the generic part of G and E3 is the Ricci permutation-tensor. An immediate implication of (36) is
that the requirements8F 2 PG : QcðFÞ ¼ 0 ð37Þ
andfor a.e. x 2 G : rðxÞ 2 Sym ð38Þ
are equivalent. We refer to (38), in particular, as the symmetry condition for the Cauchy-stress tensor ﬁeld.
In Section 4.5, in dealing with the continuum picture, eﬀorts were made to show that the internal moment
Qc makes full sense as a physical quantity; in particular, the key point was to show that its values do not
depend on the choice of the arbitrary pole x0, which the angular-momentum balance law refers to (see Prop-
osition 18). The internal moment was also shown to be an extensive quantity (i.e. a separately additive func-
tion, see Proposition 20) which behaves not diﬀerently from the external couple or from the micro-polar
inertia-term in Proposition 19; moreover, the analogy developed in this work addresses clearly its microme-
chanical meaning through its discrete counterpart: the internal moment Q for the granular assembly C.
The representation formula obtained in Proposition 11, i.e.QðUÞ ¼
X
/2U
X
k2Cnf/g
½xcð/; kÞ  xRð/Þ  fð/; kÞ ð39Þwith U the generic part of C, suggests the micromechanical interpretation for the internal moment and, there-
fore, for the asymmetry of the Cauchy-stress tensor: the grains having ﬁnite dimensions, the forces they ex-
change raise moments with respect to their centres of mass; the resultants of this moments on the relevant
grain, serve, in the discrete picture, the same role as the skew-symmetric part of the Cauchy-stress tensor for
Cosserat continua. Having endowed the internal moment for the continuum G with a physical meaning (in
the sense explained just above), it made full sense to make a further assumption on such quantity, in order
to restrict the analysis to a suitable—though general enough—mathematical framework; we refer to the vol-
ume-continuity assumption introduced in Axiom 9. Notice that the volume-continuity assumption on Qc
played a relevant role in obtaining the representation formula (36).18 In looking for a micromechanical justi-
ﬁcation of such assumption, referring again to (39), one might look at it as a constraint on the deﬁnition of the
representative contact points and on the geometrical features of the grains in the assembly (e.g., the size and
shape distributions for the grain population).
Since the symmetry condition is not the general case for Cosserat continua, one is motivated to seek after
the scenarios in which it is satisﬁed; to this scope, the proper investigation tool is the equivalent condition (37).
With the instruments introduced in this work, one has essentially two ways to claim for (37) to hold:
(i) to introduce it directly as a constitutive assumption;
(ii) to select those special scenarios in which it is implied by the balance laws (see Proposition 19).particular, the representation formula (36) is a direct implication of Proposition 21 and can be proved, as addressed in Appendix F,
the assumption that the internal moment admits a volume density. According to Remark 8, the existence of such density was shown
ion 4.5 by proving the internal moment to be separately additive and assuming it to be volume continuous.
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erations: the analogy proposed in this work suggests the possibility to classify the material whose continuum
axiomatics include (37), as those whose microstructural model is such that19 In
non-nu
volum
expect
grain d8U : QðUÞ ¼ 0
is satisﬁed. An example in this sense is that of a granular material made of smooth spherical grains, eventually
of diﬀerent diameters, where ‘‘smooth’’ refers to the absence of tangential contact forces: as one identiﬁes the
representative contact points with the geometrical contact points, a force f(/,k) is always parallel to the vector
[xc(/,k)  xR(/)] and any contribution to the sum in (39) necessarily vanishes.
At point (ii) we assert that one can select information on other quantities than the internal moment Qc and
check whether or not the latter is bound to vanish by the balance laws. In particular, in view of Proposition 19,
(37) is satisﬁed if and only if one has8F : _AcðFÞ  CcðFÞ fMcððFÞ ¼ 0. ð40Þ
Consider now a granular material in static conditions and subjected only to gravity, so that the ﬁrst two terms
in (40) are smeared out. If, moreover, the material at the microscale appears as an assembly of hard strictly
convex grains, according to the minimisation criterion, no internal couples are to be considered in the discrete
description; thus, motivated by the analogy we propose, one admits that also couple-stress vanishes in the con-
tinuum picture. Then (40) is satisﬁed, implying this to be a case in which the symmetry condition holds for the
Cauchy-stress tensor.19
5.6. Range of applicability of the proposed analogy and examples
One main assumption that constrains the range of applicability of the analogy presented in this work is that
the essential features of the motion of grains be captured by the mechanics of rigid bodies: this includes both
‘‘hard grains’’ and ‘‘soft grains’’ (see Section 5.4). Nonetheless, this is an extremely general context, covering a
wide class of granular materials of natural origin (e.g. seeds, many geomaterials) and anthropic products (e.g.
pills, DEM particles . . .). Notably, no restriction is set on the grain geometry: it is shown that the grain geom-
etry does not play a role in the description of the actions exchanged between the grains. Diﬀerent descriptions
can be given, as diﬀerent modelling choices, though some of them are supported by more clear arguments than
others (see Section 3.2 and Appendix A). Introducing a representative contact point between two grains simply
provides a tool to visualise the diﬀerences among the descriptive choices and puts no restriction in terms of the
actual contact geometry.
The physical context embraced by the theory is mostly constrained by hypotheses that govern material
time-derivatives, in both the continuum and the discrete contexts: (i) the suitable regularity of the phenome-
non with respect to the time parameter and (ii) the existence of a reference conﬁguration. The restriction con-
cerning the dependence on the time parameter excludes the possibility of treating those physical situations in
which impacts among grains play a relevant role in the processes that govern the transfer of momentum: we
exclude the so called ‘‘collisional’’ regime of ﬂow for granular materials, which is usually dealt with by means
of the statistical tools of kinetic theory of granular gases (e.g., Ogawa, 1978; Savage and Jeﬀrey, 1981; Haﬀ,
1983; Jenkins and Savage, 1983). Apart from the obvious case of quasi-static solid-like deformations of gran-
ular materials, the range of applicability of the theory also intersects two vast classes of phenomena: quasi-
static granular ﬂows (including strain localisation phenomena, cf., Desrues and Viggiani, 2004; Nubel and
Huang, 2004; Tatsuoka et al., 1997) and dense granular ﬂows (e.g., Pouliquen and Chevoir, 2002; Bonamy
et al., 2003; Rajchenbach, 2003).a second reﬁnement of this example one should be more rigorous on the assumption used to force CcðFÞ ¼ 0. In general one expects
ll values CðUÞ :¼P/2Ucð/Þ of the external couple on parts U that include ‘‘peripheral’’ grains, even though gravity is the only
e load (see Fig. 3). By our analogy the same must hold, in the due respects, for the continuum counterpart CcðFÞ; this eﬀect is
ed anyway to be negligible for partsF at distances from the boundary oG of the body that are big compared to the representative
iameter. The range of validity of the example should be adjusted accordingly.
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model must be discussed with extreme care. The discrete counterpart of this hypothesis is the tacit assumption
of a ﬁxed solid skeleton, i.e. of permanent contacts between grains. This analogy is also meant to put some
light on the microstructural implications of the hypothesis of the existence of a reference conﬁguration in
the continuum mechanics of granular materials. Notice that the notion of ‘‘contact between two grains’’ is
let, on purpose, extremely general in this analogy. In particular, it can also address the case of a pair of grains
that are in the neighbourhood of each other, despite their geometrical contact has already vanished, or, con-
versely, is ‘‘likely’’ or imminent but not actual. As sketched in Fig. 6a–c, one is free to chose a proper tessel-
lation of the space and say that two grains are in contact with each other if the corresponding cells are
contiguous.20 On the other hand, recognising as grains in contact two grains that are in correspondence to
non-contiguous cells is also not denied explicitly by the notion of contact given here, but is of course an aber-
ration of the analogy which would be then deprived of the parallel between the solid skeleton and the reference
conﬁguration. Still on the issue of a reference conﬁguration and of a ﬁxed solid skeleton, one should also dis-
cuss the consequences of the fact that rearrangement of the contact network21 does occur for granular mate-
rials, as in ﬂuids. One is free to rely on the hypothesis of a ﬁxed solid skeleton and, in riding our analogy, also
on the hypothesis of a reference conﬁguration, as long as the rearrangements of the grain network does not
play a relevant role in the process that governs the transfer of momentum. This is always the case at small-
enough time intervals. This argument is tacitly used in applying Continuum Mechanics to the modelling of
granular materials as a heuristic justiﬁcation of the use of material time-derivatives in situations in which such
rearrangement does occur: consider as an example the transition from the solid to the ﬂuid state of a sandwich
of granular layers down an incline. A proper extension in this sense of the concept of material time-derivative
is an extremely demanding task and is not one of the aims of this paper.
Concrete applications are naturally suggested by the fact that, in the context of continuum mechanics of
granular materials, the Cosserat continuum approach has been found to be applicable in situations where
the geometric scale of the problem at hand compares with the characteristic dimension of the grain itself (Bar-
det and Vardoulakis, 2001; Ehlers et al., 2003). The present approach suggests that the discrete mechanics of
granular materials bears a close aﬃnity to the mechanics of continua with Cosserat-type microstructure, down
to the grain-diameter scale. In particular, the analogy presented here provides a tool for measuring continuum
parameters based on grain-scale quantities. Heuristically, one may look at clusters of cells of diﬀerent sizes (see
Fig. 6d) as Representative Elementary Volumes (REVs) pertaining to diﬀerent length-scales; for example, the
internal moment Qc in the continuum picture could be computed by assembling over a REV (of the chosen
size) the individual internal moment Q of the discrete picture using (21). This procedure also applies to both
conventional (Boltzmann) extensive continuum parameters (e.g., Mc, Lc, Bc, bFc, see Section 4) and non-con-
ventional parameter, in the sense of those extensive quantities that arise in the generalisation towards Cosserat
continua: Ac, Hc, Cc, cMc. The fundamental point here is that an intensive quantity (e.g., the linear velocity vc)
is to be recovered as the density for the relevant pair of extensive quantities (e.g. linear velocity as the density
of linear momentum with respect to mass; cf. coarse graining, e.g.: Glasser and Goldhirsch, 2001; Goldenberg
and Goldhirsch, 2004). By the analogous procedure one can estimate stress-related quantities, such as the
ﬂuxes eFc and fMc, at scales close to the grain scale.
It is worth mentioning, as an applicative example, the analysis of Ehlers et al. (2003) in which the authors
focus on measuring (Cosserat) continuum parameters from a DEM simulation of a shear-banding process.
Notice that the analogy presented here, applied to the same set of data, would almost certainly lead to mark-
edly diﬀerent measurements of (strictly related) quantities such as couple-stress and the skew-symmetric part
of Cauchy’s stress tensor. This could be guessed from the fact that in the above mentioned work, in contrast to
this paper as discussed in Section 5.3, the discrete counterpart of couple stress is recognised to be the resultant
couple acting on a grain (exerted by another grain) computed with respect to its center of mass; if the two
grains are named / and k, this is the couple t(/,k) according to the notation in Section 3. A similar scenario20 We refer herein to a ‘‘tessellation’’ as a partition of the Euclidean space in regions, called cells, each of which is in correspondence to
one grain only (e.g. a material cell system in the sense of Bagi, 1996).
21 In this section the term ‘‘contact network’’ is used related to the concept of ‘‘fabric’’ as common in the Physics literature, i.e. not in the
sense of the mathematical object deﬁned in Section 3.
(a) (b)
(c) (d)
Fig. 6. (a)–(c) The grains / (light gray) and k (dark gray) are in contact in the sense of the contiguity of the respective cells according to a
given tessellation. (d) Based on the same tessellation, clusters of cells of diﬀerent sizes can be thought of as REVs pertaining to diﬀerent
length-scales.
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the shear localisations at the interface between a rigid, rough structure and a granular medium, with the typ-
ical example of the frictional interface bands, observed in the cylinder shear apparatus (Corfdir et al., 2004)
and in the related DEM simulation (Zervos et al., 2000). In the shear and interfacial bands, signiﬁcant grain
rotation is observed to play an important role.
Finally we should mention that recent DEM simulations (Alonso-Marroquı´n and Vardoulakis, 2005) sug-
gest that granular materials do not support the idea of simple shear. The observed kinematical ﬁelds suggest
that at any time we deal with two populations of grains: (i) grains organised in large short-lived vorticity cells
and (ii) grains which through pronounced rolling accommodate the cells to make their motion more compat-
ible with the imposed boundary conditions. At this point we can only say that vorticity cells reduce substan-
tially the amount of energy dissipation per unit volume of a sheared granular body; it is questionable and
should be investigated whether the Cosserat continuum description, although justiﬁed by a powerful analogy
that still holds at the grain-scale, is able to catch the essential features of such processes, that are governed by
inter-grain slip and rolling and perhaps demand ﬁner approximations as for example those allowed by bipolar
models.
Acknowledgments
The authors want to acknowledge the members of the equipes S1 and S4 of the Laboratoire Sols Solides
Structures (CNRS-UJF-INPG, Grenoble) for the stimulating discussions that have accompanied this work.
7712 F. Froiio et al. / International Journal of Solids and Structures 43 (2006) 7684–7720In particular, we are grateful to Prof. Denis Caillerie for his fundamental hints, sincere comments and
criticisms.
This work is funded by the EU project Degradation and Instabilities in Geomaterials with Application to
Hazard Mitigation (DIGA) in the framework of the Human Potential Program, Research Training Networks
(HPRN-CT-2002-00220) and PRIN 2005 ‘‘Modelli Matematici per la Scienza dei Materiali’’, Italian Ministry
of Education, University and Research.
Appendix A. On a minimisation criterion to deﬁne contact couples
Recall from Section 3.2 that the mutual actions exchanged by two grains / and k can be represented by
assigning the tripletsffð/; kÞ; tð/; kÞ; xRðkÞg and ffðk;/Þ; tðk;/Þ; xRð/Þgreferred to the respective representative points, or equivalently the tripletsffð/; kÞ;mð/; kÞ; xg and ffðk;/Þ;mðk;/Þ; xg; ðA:1Þwhere m(/,k) and m(k,/) necessarily depend on the common pole x 2 E bymð/; kÞ ¼ tð/; kÞ  ½x xRð/Þ  fð/; kÞ; ðA:2Þ
mðk;/Þ ¼ tðk;/Þ  ½x xRðkÞ  fðk;/Þ. ðA:3ÞUsing (A.1), in particular, the action–reaction laws are more transparent, sincefð/; kÞ þ fðk;/Þ ¼ 0; and mð/; kÞ þmðk;/Þ ¼ 0.A selection criterion for the representative contact point xc(/,k) consists of minimising jm(/,k)j according
to (A.2), with respect to x; notice that in view of the action–reaction laws this is equivalent to minimising
jm(k,/)j according to (A.3). Shortening the notation byx^c :¼ xcð/; kÞ; f :¼ fð/; kÞ and t :¼ tð/; kÞ
we can express this criterion as the assumption of x^c to be such thatjt rðx^cÞ  fj ¼ min
x2E
jt rðxÞ  fj;where r(x) :¼ x  xR(/) (8x 2 E). Decomposing t with respect to the direction of f, i.e., using
tk :¼ jfj2ðf 	 tÞf and t? :¼ t tk;we havejt rðxÞ  fj2 ¼ jtkj2 þ jt?  rðxÞ  fj2.
Thus we conclude thatmin
x2E
jt rðxÞ  fj ¼ jtkjand that, according to the above criterion, x^c can be any point on the linefx 2 Ejt?  rðxÞ  f ¼ 0g.Appendix B. On contact networks and contact interactionsProposition 22. Let y be a vector-valued network, and Y be the interaction dual to y. The following statements
are equivalent:
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(ii) Y is a contact interaction.Proof. To prove that (i)) (ii), we observe that for every pair of separate parts U and K,YðU;KÞ :¼
X
ð/;kÞ2UK
yð/; kÞ ¼
X
ð/;kÞ2ðUKÞnSC
yð/; kÞ þ
X
ð/;kÞ2ðUKÞ\SC
yð/; kÞ.The ﬁrst term on the r.h.s. of the equation vanishes because y is a contact network, while for the second term
we can writeX
ð/;kÞ2ðUKÞ\SC
yð/; kÞ ¼
X
ð/;kÞ2ðUK
yð/; kÞ;whence the ﬁrst assertion. In order to prove the converse statement, we consider two arbitrary distinct grains /
and k such that ð/; kÞ 62SC; since Y is dual to y, thenyð/; kÞ ¼ Yðf/g; fkgÞ.
As / and k are not in contact, the granular surface separating {/} from {k} is an empty set; the term on the
r.h.s. of the last equation then vanishes because Y is a contact interaction. This proves the converse
statement. hAppendix C. On separately additive functions and interactionsProposition 23. Let Y be an interaction (for C) and X be a vector-valued function on PC such that8U : XðUÞ ¼ YðU;UCÞ. ðC:1Þ
The following statements are equivalent:
(i) X is separately additive;
(ii) Y(U,K) + Y(K,U) = 0 for every pair of separate U and K.Proof. Choose arbitrarily two separate U and K. UsingUC ¼ ðU [ KÞC [ K; KC ¼ ðU [ KÞC [ U
and the deﬁnition of interaction, we can writeYðU;UCÞ þ YðK;KCÞ ¼ YðU; ðU [ KÞCÞ þ YðU;KÞ þ YðK; ðU [ KÞCÞ þ YðK;UÞ
¼ YðU [ K; ðU [ KÞCÞ þ YðU;KÞ þ YðK;UÞ.In view of (C.1), we conclude that for every choice of separate parts U and K,XðUÞ þ XðKÞ  XðU [ KÞ ¼ YðU;KÞ þ YðK;UÞ.This establishes the equivalence between (i) and (ii). hAppendix D. On skew-symmetric networksProposition 24. Let y be a vector-valued network. If y is skew-symmetric, then, for every U,
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k2Unf/g
yð/; kÞ ¼ 0. ðD:1ÞProof. Since y is skew-symmetric, the statement holds true when U consists of two grains. Now, assume that
(D.1) holds for a part U, and let  = U [ {t}, with t 2 UC. We haveX
/2
X
k2nf/g
yð/; kÞ ¼
X
/2U
X
k2Unf/g
yð/; kÞ þ
X
k2U
yðt; kÞ þ
X
/2U
yð/; tÞ
¼
X
/2U
X
k2Unf/g
yð/; kÞ þ
X
/2U
ðyðt;/Þ þ yð/; tÞÞ.The ﬁrst term on the r.h.s. of the last equation vanishes in view of the hypothesis on U; the second term is also
null because y is skew-symmetric. By induction, we conclude that (D.1) holds for every part U. hAppendix E. On material time-derivatives for a Cosserat continuum
Let us restore in our notation the dependence on time parameter, and denote by Gt the standard region
occupied by the body at the generic time t 2 R. Fix now t and deﬁne ut : Gt  R! E as a motion in the sense
of Gurtin (1982); ut(Æ; t + h) describes the deformation of the body from Gt to the conﬁguration Gtþh. For
x 2 Gt, the value of the linear velocity ﬁeld at the time t isvc;tðxÞ :¼ d
dh

h¼0
utðx; t þ hÞ.Let ffs : Gs ! Rgs2R be any time-family of spatial ﬁelds representing some intensive physical quantity; if the
limit_f tðxÞ :¼ d
dh

h¼0
ftþhðutðx; t þ hÞÞexists for every x 2 Gt, we say that ffsgs2R is time-diﬀerentiable and call _f t : Gt ! R the material time-derivative
of ffsgs2R at t. Similarly, consider a time-family of signed measures fF s : BGs ! Rgs2R by which we describe
some extensive quantity (cf. Remark 8); if the limit_F tðBÞ :¼ d
dh

h¼0
F tþhðutðB; t þ hÞÞexists for every B 2 BGt we say that fF sgs2R is time-diﬀerentiable at t and call _F t : BGt ! R the material time-
derivative of fF sgs2R at t. A discussion on the notion of diﬀerentiability of a family of measures may be found
in Smolyanov and von Weizsa¨cker (1993); in particular, one has that
Proposition 25. If fF sgs2R is time-differentiable at t, then _F t is a (signed) measure absolutely continuous with
respect to Ft.
Assume now that ffsgs2R and fF sgs2R are time-diﬀerentiable at t; Proposition 25 is expedient to prove that
if8s 2 R; 8B 2 BGs : GsðBÞ :¼
Z
B
fs dF s;then fGsgs2R is time-diﬀerentiable at t and8B 2 BGt : _GtðBÞ ¼
Z
B
_f t dF t þ
Z
B
ft d _F t. ðE:1Þ
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measures are vector-valued or tensor-valued.
We apply now these concepts to the (intensive and extensive) quantities introduced in Section 4.2, which we
assume to be time-diﬀerentiable at all times. To conform with the habit practised in the rest of the work we
suppress again, and henceforth, the time parameter in our notation. We consider in particular the quantities
Lc, Ac and L
ðx0Þ
c : in treating them as (vector-valued) measures we ﬁrst notice that the time-diﬀerentiability
assumption grants the volume-continuity of the respective material time-derivatives; i.e. _Lc, _Ac and _L
ðx0Þ
c are
volume-continuous since, according to Proposition 25, they are absolutely continuous with respect to Lc,
Ac and L
ðx0Þ
c , which, in turns, are volume-continuous. To obtain an explicit representation of the material
time-derivatives of these quantities we ﬁrst recall that, for every B 2 BGt , we haveLcðBÞ :¼
Z
B
qvc dV ¼
Z
B
vc dMc;
AcðBÞ :¼
Z
B
hcwc dV ¼
Z
B
dHcwc;andLðx0ÞðBÞ :¼
Z
B
r0  ðqvcÞdV ¼
Z
B
r0  vc dM ;then, using (E.1) and the mass-conservation laws (23), we obtain_LcðBÞ ¼
Z
B
_vc dM ¼
Z
B
q _vc dV ;
_AcðBÞ ¼
Z
B
dHc _wc þ
Z
B
d _Hcwc ¼
Z
B
ðhc _wc þWhcwcÞdV ;
and_Lðx0Þc ðBÞ ¼
Z
B
_r0  vc dM ¼
Z
B
r0  ðq _vcÞdV .Appendix F. On the extension of Cauchy’s theorems
We have shown in Section 4 that the ﬂux of the internal force eFc admits a surface density, i.e., a function
fc : GU! V such thateFcðSÞ ¼
Z
S
fcð	; nSÞdAfor every internal surfaceS. It has also been shown that the resultant of the internal force bFc admits a volume
density, i.e., there exists a function f^c : G! V such thatbFcðFÞ ¼
Z
F
f^c dVfor every part F of G. Since eFcððFÞ ¼ bFcðFÞ (see Corollary 3(i)), this establishes a control on the surface
integral of fc through a volume integral, in the sense that8F 2 PG :
Z
ðF
fcð	; nðFÞ ¼
Z
F
f^c dV . ðF:1ÞOne can recognise in (F.1) the ﬁrst ingredient of the proof of Cauchy’s theorem on the existence of the stress
tensor; speciﬁcally, if (F.1) is used along with the classical continuity assumptions, i.e., the assumptions that
(i) fc(Æ;n) is continuous for every n 2 U,
(ii) f^c is continuous,
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that for every x 2 G holds22 No
to Pro8n 2 U : fcðx; nÞ ¼ rðxÞn. ðF:2ÞNow, suppose that in addition to (i) and (ii) we have
(iii) the internal force is momentum balanced in the sense that8F : QcðFÞ ¼ 0.As one can obtain by merely applying the deﬁnition of the internal moment for G, (iii) amounts to asking that,
for every part F,Z
ðF
r0  fcð	; nðFÞdA
Z
F
r0  f^c dV ¼ 0where r0(x) :¼ (x  x0) for every x 2 G, with x0 an arbitrary pole.22 If (iii) holds along with (i) and (ii), one can
prove that r(x) is symmetric for every x 2 G.
Gurtin et al. (1968) have shown that even if the smoothness conditions (i) and (ii) are dropped, one can still
prove that (F.2) holds for almost every x 2 G. This result is recalled in Section 4 by Proposition 17. In a sub-
sequent paper, Gurtin and Martins (1976) have shown that the analogous generalisation holds for the sym-
metry property of the Cauchy-stress tensor; more precisely, even without assuming (i) and (ii), holds the
following:
Proposition 26. If the internal force for G is momentum balanced, thenE3r
TðxÞ ¼ 0 ðF:3Þfor almost every x 2 G.
We describe brieﬂy the strategy by which one can prove Proposition 17 along with Proposition 26, accord-
ing to the works cited above. Using molliﬁers (see Evans, 1998) one can construct two sequences of smooth
functions, {fc
k}k=1,2,. . . and ff^kcgk¼1;2;..., that converge (respectively) to fc and f^c in L1ðGÞ, and such thatZ
F
fkcð	; nðFÞdA ¼
Z
F
f^kc dVfor every F 2 PGk , where Gk is the element of a monotone-increasing sequence of sets that converges to G in
the set-theoretic sense. It follows from Cauchy’s theorem that, for every x 2 Gk,8n 2 U : fkcðx; nÞ ¼ rkðxÞn ðF:4Þ
andE3ðrkðxÞÞT ¼ 0; ðF:5Þwhere rkðxÞ :¼P3i¼1fkcðx; eiÞ  ei. Letting k!1 one has that (F.2) and (F.3) hold for almost every x 2 G, with
rðxÞ :¼P3i¼1fcðx; eiÞ  ei.
We seek now after the generalisation of Proposition 26 to the case in which (iii) is no longer as assumed. In
following a procedure analogous to the one sketched for the proof of Proposition 26, we will ﬁrst establish thetice that (iii) is always satisﬁed for Boltzmann continua, considered as a limit case of Cosserat continua; to realise this, one can refer
position 19 and let _AcðFÞ, CcðFÞ and McððFÞ vanish on each part F.
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following); we will extend it subsequently by using molliﬁers. So we restrict again to the case in which (i) and
(ii) hold, but use the assumption that
(iv) there exists a continuous function qc : G! V such that8F 2 PG : QcðFÞ ¼
Z
F
qc dVas the inherent generalisation of (iii). One obtains the following statement, which is proved at the end of the
appendix:Proposition 27. Assume that (iv) holds, along with (i) and (ii); thenqcðxÞ ¼ E3rTðxÞ. ðF:6Þ
for every x 2 G.
Then, one uses molliﬁers to construct three sequences ffkcgk¼1;2;..., ff^kcgk¼1;2;... and fqkcgk¼1;2;... that converge to
fc, f^c, and qc and that comply with (i), (ii) and (iv) for every k. By Proposition 27 holdsqkcðxÞ ¼ E3ðrkðxÞÞT;and passing to the limit one obtains (F.6) for almost every x 2 G.
We give ﬁnally a proof of Proposition 27 which, based only on continuity assumptions and simple limit
processes, may help the reader in getting a more pictorial idea of the internal moment as a physical quantity.
Proof Proposition 27. Call C the cube in Fig. F.1; C  G has edges of length l, and faces Sð1Þ;Sð2Þ; . . . ;Sð6Þ
whose outward-oriented unit normals are e1, e2, e3, e1, e2 and e3, respectively; let x 2 G

be the common
vertex for Sð1Þ, Sð2Þ and Sð3Þ. We let fCngn¼1;2;... be a sequence of such cubes, whose elements have in
common the vertex x, and such that ln ! 0 for n!1.
Since qc is continuous, the mean value theorem ensures thatqcðxÞ ¼ limn!1
QcðCnÞ
V ðCnÞ ; ðF:7Þwe will show that under our hypotheses and for every x 2 G

, such limit exists and takes the value E3r
T(x). The
extension of the result to every x 2 G will then be immediate, in virtue of the continuity assumed for the rel-
evant functions. This will conclude the proof of the proposition.
To investigate the limit in (F.7) we rewrite QcðCnÞ by using deﬁnition (34) where, by Proposition 18, we are
allowed to chose x0 = x; we decompose the surface integral in (34) as follows:Fig. F.1. The cube C, placed at x, oriented according to the triplet {e1,e3,e3}.
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X3
i¼1
Z
S
ðiÞ
n
r0ðyÞ  fcðy;eiÞdAy þ
X3
i¼1
Z
S
ðiÞ
n
r0ðy þ lneiÞ  fcðy þ lnei; eiÞdAy 
Z
Cn
r0ðyÞ  f^cðyÞdV y .
ðF:8Þ
After adding and subtractingX3
i¼1
Z
S
ðiÞ
n
r0ðyÞ  fcðy þ lnei; eiÞdAy ;respectively, to the ﬁrst and second term on the r.h.s. of (F.8) one can write QðCnÞ as
X3
i¼1
Z
S
ðiÞ
n
r0ðyÞ  ½fcðy þ lnei; eiÞ þ fcðy;eiÞdAy þ
X3
i¼1
Z
S
ðiÞ
n
½r0ðy þ lneiÞ  r0ðyÞ  fcðy þ lnei; eiÞdAy

Z
Cn
r0ðyÞ  f^cðyÞdV y . ðF:9ÞAs far as the ﬁrst term in (F.9) is concerned, we notice that jr0ðyÞj 6
ﬃﬃﬃ
2
p
ln for every y 2 SðiÞn (i = 1,2,3); more-
over, since (F.2) holds in view our continuity assumptions, we have that fc(x;n) is ‘‘linear in n’’, so thatfcðy þ lnei; eiÞ þ fcðy;eiÞ ¼ fcðy þ lnei; eiÞ  fcðy; eiÞ;
where the l.h.s. vanishes for n!1; with the use of the mean value theorem we conclude that the term we are
considering is of order oðl3nÞ for n!1, and does not contribute to (F.7). A similar bound for jr0(y)j and a
further application of the mean value theorem, shows that also the last term in (F.9) is of order oðl3nÞ.
Therefore, (F.7) can be evaluated by computinglim
n!1
ln
P3
i¼1ei 
R
S
ðiÞ
n
fcðy þ lnei; eiÞdAy
V ðCnÞ ¼ 0in which the numerator is obtained from the second term in (F.9) by replacing r0(y + lnei)  r0(y) by lnei and
using the additivity of the integral. Again an application of the mean value theorem is used to show that the
last limit, and hence the limit in (F.7), is
P3
i¼1ei  fcðx; eiÞ. Since (F.2) holds, and after some minor algebra we
can write
P3
i¼1ei  fcðx; eiÞ ¼ E3rTðxÞ. The proof is concluded by invoking the arbitrariness of x 2 G

, and the
continuity of the relevant functions in G ¼ G

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